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" Abstract 

' The certainty principle (2005) allowed to conceptualize from the more fundamental grounds both the Heisen- 

. berg uncertainty principle (1927) and the Mandelshtam-Tamm relation (1945). In this review I give detailed 

(N . 

explanation and discussion of the certainty principle, oriented to all physicists, both theorists and experimenters. 

^ ■ 

Historical comments 

l> , 

' Uncertainty principle. A reader interested in the history of the uncertainty principle should read, for example, 
I , the review Here I give only some notes, that are important for the following recital. 

K*" . The uncertainty principle was suggested by Heisenberg in 1927 '7. Heisenberg formulated it as follows: 
00 . 

m 

• The more precisely the position is determined, the less precisely the momentum is known in this instant, and 
OO ' vice versa. 

o ■ 
o 

: Considering concrete examples, Heisenberg gave just qualitative formulation. But for the notion of "uncertainty" 
he did not give exact definition. 

Soon Kennard |[3j gave exact mathematical formulation for the case of coordinate and momentum. Assuming 
"commutation relation" [X, P] ~ ih , he has shown that for an arbitrary quantum state ) the following relation 
takes place: 



For uncertainties of coordinate and momentum the following relation was suggested: 

A)A: A)P ~ ?i . (1) 



X: A>XA>P^J. (2) 

And here 



It means that, in accordance with probabilistic interpretation of quantum mechanics, it was suggested to understand 
the uncertainties of coordinate and momentum as standard deviations of these observables. 

Because of simplicity of the proof, the relation ((21 became conventional mathematical expression of the uncertainty 
principle and appeared in all textbooks on quantum mechanics. All criticism (including that about correspondence 
to practical experiment) T was mainly ignored. But soon we will see that the certainty principle allows to get 
alternate inequalities, describing the uncertainty principle, which turn out to be more sapid from practical point 
of view. 

Later the mathematical proof was generalized in many ways. And it was extended to other pairs of non-commuting 
observables. So, in order to avoid ambiguity in the term uncertainty principle, let us give here some other, more 
up-to-date and general, formulation of this principle^: 



' ^http://d aarb.narod .ru/| , |http: / /wave.front.ru/| 

^Such a formulation not only allows to better understand, what exactly is "uncertain", but also allows to clearly see the contrast 
with the certainty principle. 
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• If one tries to describe the dynamical state of a quantum particle by methods of classical mechanics, then 
precision of such description is limited in principle. The classical state of the particle turns out to be badly 
defined. This uncertainty can be mathematically expressed by different inequalities, describing spreads of 
values of observables that have semiclassical limit. 

Of course, Heisenberg could not formulate the uncertainty principle in this form. It would contradict the logic of 
historical moment. In 1927 physics came from classical mechanics to quantum, and the uncertainty principle was 
considered as a way from the old theory to new. 

But today, when quantum mechanics is already well-established, the uncertainty principle is just a method of 
qualitative estimation of precision of semiclassical approximation. And there are no reasons to think that this 
principle is more fundamental than mathematical formalism of quantum mechanics. 

Mandelshtam-Tamm relation. So far as for coordinate and momentum there is an uncertainty relation like 
((T]l. general arguments, connected with the theory of relativity,^ point out that, seemingly, an uncertainty relation 
for time and energy like the following should exist: 



Heisenberg himself suggested such a relation. But even in that time it was clear 0] that explanation of such a 
relation must be more difficult, because there is no such a quantum-mechanical observable as "time" , and it is 
unclear what should be understood as "uncertainty" of time. 

Nevertheless, physicists wanted to believe that the uncertainty principle was a fundamental physical principle, and 
attempts to ground relation (^J did not stop up to now. These attempts mainly tried to show that the notion 
"uncertainty of time" was meaningful. And it was usually made by analysis of measurement process, i. e. to 
analysis of interaction of quantum particle with apparatus like Heisenberg microscope, (a detailed review with 
critical analysis see in 

I cannot say that those attempts were unsuccessful. Nevertheless, I think that such an approach does not correspond 
to general methodology of quantum mechanics. The matter is that analytical formalism of quantum mechanics is 
oriented to studying quantum systems as independent physical objects. This analytical formalism docs not study 
details of interaction of apparatuses with the quantum system. 

In 1945 Mandelshtam and Tamm j6j gave rigorous mathematical formulation of relation'^ 



Mandelshtam and Tamm named this relation "the uncertainty relation between energy and time in nonrelativistic 
quantum mechanics" , because, obviously, they thought that they found mathematical expression of the uncertainty 
principle for energy and time. Correspondingly, further attempts to ground uncertainty relation for energy and 
time were generally attempts to show that the quantity St in Mandelshtam-Tamm relation can be understood in 
some sense as "uncertainty" of time. 

But, I believe that there are no reasons convincing enough to call Mandelshtam-Tamm relation as uncertainty 
relation. As it was explained above, the uncertainty principle is not more fundamental than mathematical formalism 
of quantum mechanics itself. And what is more, analysis of relativistic quantum systems shows that this principle 
is less fundamental. Therefore there are no reasons to think that fundamental uncertainty relation like (PJ must 
exist. 

Soon we will see that Mandelshtam-Tamm relation in the case of closed systems is a consequence of other physical 
principle, the certainty principle, which is more fundamental than the Heisenberg uncertainty principle. And the 
quantity St in the inequality Q, if we make transformation from Schrodinger to Heisenberg representation (or 
to RCQ-representation), is a logarithmic coordinate on Poincare group. For some purposes this coordinate can be 
interpreted as "uncertainty of time", but, generally speaking, there is no need in such interpretation. 

As regards non-closed systems, with arbitrary dependence of Hamiltonian on time, Mandelshtam-Tamm relation 
should be considered as relation for the speed of quantum evolution. And it is quite independent relation, not 
mathematically equivalent to the certainty relation for time and energy. 



^But soon we will see that these arguments are incorrect, because existence of the uncertainty principle is connected with specific 
peculiarities of non-relativistic approximation. 

■^Here it is written a little difi'erently, so that connection with further discussion would be clearer. 



A)rA)i? - n . 



(3) 



\6t\A^H ^ h . 



(4) 
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Certainty principle. When we raise a question about application of ideas connected with the theory of relativity 
in quantum mechanics, it is worth to think about what we know about relativistic invariance of quantum theory 
at all. 

The group of invariance of Minkowski space** is Poincare group. With invariance with respect to this group of laws 
of nature, in general, and of quantum mechanics, in particular, is connected the notion of relativistic invariance. 

All known physically important quantum systems, to which action of Poincare group can be applied, are quantum 
fields (or their subsystems). And before 2002 mathematical construction of quantum fields was made by such 
recipes^, which made action of Poincare group on space of states of quantum field hidden. In fact, physicists 
were satisfied by statement that Poincare group acts on space of states not-explicitly, by some quite complicated 
formulas. 

When relativistic canonical quantization (RCQ) appeared [S] (for introduction review [H] is recommended) it became 
clear how action of Poincare group is transferred from Minkowski space to the space of states of quantum field. ^ 
It became also obvious the following: 

• The notion of coordinate as quantum-mechanical observable for relativistic systems is not natural at all, not 
even non- fundamental. (Attempts in the past to introduce coordinates for some systems, for example |1(J|. 
seem to be quite artificial.) 

• For this reason the uncertainty principle can not be fundamental, in the sense of its generalization for rela- 
tivistic quantum theory. 

Using methodology of RCQ, I have formulated |12| the certainty principle: 

• If one describes the dynamical state of a quantum particle (system) by methods of quantum mechanics, then 
the quantum state of the particle (system) turns out to be well defined. This certainty of the quantum 
dynamical state means that "small" space-time transformations can not substantially change the quantum 
state. And for the case of Poincare group, for transformations, that can substantially change the quantum 
state, we have estimation^: 

A) ( - Sxf, + 5 Suj^i, J^i.) ^ h , (5) 

Here is a vector operator of energy-momentum, J^^, is a tensor operator of the four-dimensional angular 
momentum, (5x^ and Sujf^i, are the standard logarithmic coordinates of the Poincare group. 

So far as the certainty principle is universal, it works well also in usual quantum mechanics, including non- 
relativistic. So, it seems to be surprising that it was not formulated earlier. Nevertheless, there are two explanations 
for this. 

First, this principle is formulated naturally with basic notions of RCQ. In particular, it is most natural in formulation 
of the certainty principle to understand the notion of dynamical state within RCQ interpretation. This difficulty, 
seemingly, was the main. 

Second, in order to come to the certainty principle from the usual quantum mechanics, it is necessary to use the 
theory of quantum angle (Fubini-Study metric). But existence of this metric, though not difficult to prove, is not 
obvious. This metric was discovered only in 1905 by Fubini and Study |14| . and most physicists do not know 
about it. 

Mathematical formalism 

Quantum angle (Fubini-Study metric). Consider the unit sphere ||a;|| = 1 in the usual three-dimensional 
Euclidean space . The distance measured on the surface of the sphere between any two points is equal to the 
angle between rays starting from the center of coordinates and coming through these points. 



*Of four-dimensional space-time of the special theory of relativity. 
^Recipes, because formal mathematical process did not exist. 

^Specific feature of RCQ method is construction of quantum fields in the frame of four-dimensional geometry of Minkowski space, 
without artificial separation of space and time. 

^Here and later we imply relativistic summation by pairs of the same Greek indices: 

a,i = agbo — ai bi — a2 62 — 13 bs . 
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So, the connection of angles with rays on the sphere makes obvious the important property of angle: it satisfies 
the "triangle inequality" : 

Z{a,c)^Z{a,b) + Z{b,c) . (6) 
It is known, that angle in this example is expressed through the scalar product (-I-) in the space by formula: 

Z(a, 6) = arccos(a|fe) . 

Here in the right part of the formula vectors, whose ends are in the points of intersections of the rays a and b 
with the unit sphere, are denoted by the same letters as rays. Possible values of angle in this example are in the 
range from to tt . 

Let us now consider angles not between rays, but between lines coming through the center of coordinates. In this 
case possible values of angle are in the more narrow range from to 7r/2 . The formula for the angle in this case 
is slightly changed: 

Z{a,b) = arccos |(a|&)| . (7) 

Will the angle satisfy the triangle inequality ((HJ in this case? The answer to this question does not seem to be 
immediately obvious, because for every line we have two points on the sphere. But elementary logical reasoning 
allows to reduce this example to the previous. The answer turns out to be positive. 

Consider now the case of the three-dimensional complex Hilbert space C"^ . Instead of real lines in this case we 
obviously have complex lines, i. e. one-dimensional complex subspaces. Every such a subspace intersects with the 
unit sphere even not in two, but in infinite number of points. These points are different from each other by complex 
factor, whose absolute value is equal to one. 

The angle in this case is defined by the same formula {Tj), but the scalar product here corresponds to the space 
. Possible values of angle, obviously, also arc in the range from to tt/2 . 

Will angle in this case satisfy the triangle inequality ©? The answer in this case turns out to be positive also. 
This fact was proved by Fubini J3] and Study (quite simple proof is also given in JH), so the angle between 
complex lines in Hilbert space is called Fuhini- Study metric. 

Of course, the fact that triangle inequality takes place cannot depend on the dimensionality of the Hilbert space, 
because when we check the triangle inequality we always can consider the corresponding three-dimensional subspace. 

So far as in quantum mechanics the space of states of a quantum system TL is complex Hilbert space, Fubini-Study 
metric can be naturally considered as a measure of difference of quantum states. In this context we will call this 
metric quantum angle, because it allows to form natural collocations like "quantum angular speed" . 



Quantum angular speed. Let now the vector r depend on the real parameter t : t E R , r{t) E H , 

IkWII = 1- 

Let us define the quantum velocity v{t) by the formula: 

,. r(t + St)-r(t) 
v{t) = r{t) = hm ^ / ^ . 

Let us define also the quantum angular speed uj{t) by the formula: 

l{r{t + 5t),r{t)) 
ui[t) = hm — ^ — — '- . 

st^o I St I 

In order to express uj(t) through v{t) let us decompose v(t) into the two orthogonal components: 

v\\it) ^ m {r{t)\vit)) , vj_it) ^ vit) - v^^it) . 

This decomposition formally looks the same as the corresponding decomposition in the real case, which is well 
known in kinematics of point. But we should not rely on this analogy too much. The matter is that in the real 
case existence of the parallel component of velocity is necessarily connected with growth of the norm of the vector. 
But in the complex case under consideration vector is supposed to have always unit norm. Existence of parallel 
component of velocity turns out connected with the possibility of multiplication of the vector by complex phase 
factor, that is equal to one. Nevertheless, the following theorem is true 
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Theorem. The quantum angular speed is equal to the norm of the orthogonal component of the quantum 
velocity: 

co{t) = \\v^{t)\\ . (8) 

Before proving this theorem let us note that in the real case equality JSJ) is definition of angular speed uj . And 
angle in the real case is defined as integral of angular speed along extreme arc. After that trigonometrical function 
arccos is defined for finite angles. 

Straightforward transfer of such logic to the case of complex Hilbert space is problematic, because there are always 
many extreme arcs, and none of them is so simple that appearance of arccos function would be geometrically 
obvious. 

So, here we need to study directly infinitesimal angles, i. e. work around singular point of arccos function. In 
order to escape from this, let us use Parseval equality to change arccos to arcsin : 

Z{r{t + St) , r{t) ) = arccos \{r{t + St) \ r(t) ) \ = 

= arcsin || r{t + St) - r{t) ( r{t) \ r{t + St) ) \\ ^ 
= arcsin || r{t + St) - r{t) - r{t) { r{t) \ r{t + St) - r{t) ) \\ = 
= arcsin || v{t) St + o{St) ~ r{t) ( r{t) \ v{t) St + o{St) ) \\ = 

{v{t) - r{t){r{i)\v{t)))St + o{St) 

= arcsin ||w^(t)(5t + o{St) || — arcsin (||w_L(i)|| \St\ + o{St)) = 
= \\v^it)\\ \St\ + oiSt) . 

Dividing by \St\ , we get ■ 

Continuous unitary groups. Suppose now that we have in the space of states of quantum system a self-adjoint 
operator A — A* . The set of unitary operators of type U{Ss) = ^-iSsA/h (-y^fj^gj-g §g runs the set of all real 
numbers, and h is fixed positive real number (in quantum mechanics this is Planck's constant)) forms strongly 
continuous one-parameter unitary group: U{Ssi)U{Ss2) — U{Ssi+Ss2) ■ The operator A here is called generator 
of this group. 

And suppose that the state vector is changed by the action of this group: 

r{Ss) = \Ss) = U{Ss)) = e^'*"^/'') . 

Here \Ss) ^ Ti. is another notation of the vector with parameter equal to Ss ; ) G 7i is a fixed ket-vector. 
Suppose now that the function r(Ss) is differentiable. Then the quantum velocity is expressed by the formula: 

v{Ss) = i-Ae-^^^^/'') = ir,A\Ss) . 

The mean of the operator A does not depend on time: 

A = {Ss\A\Ss) = (e+^-^'^^/'i^e-*'^"^/'') = (^Ae+'^^'^/'^e-'^'^/'') = (A) . 

Therefore the components of the quantum velocity can be written just as: 

v\^{Ss) = \Ss){Ss\^^A\Ss) = ^^A\Ss) 
v^iSs) ^J^{A-^\Ss). 
The quantum angular speed turns out to be independent of the parameter also: 

Uj{Ss) = \\v^iSs)\\ = j-{Ss\ (A- A)^ |5s>l/2 = l.(^^+^5sA/h (A- A)^ ^~^3sA/h^l/2 ^ 
= j-{{A-A)^ e+^SsA/h^^^SsA/Hy/2 ^ 1 ((^_3)2)l/2 ^ 1 

Here A) A is a short notation for the standard deviation of A in the state ) . 
So, we have proved the important 
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Theorem. Standard deviation of the generator of one-parameter unitary group is equal to the quantum angular 
speed, multiplied by Planck's constant h . And both quantities remain conserved under the action of the group. 

Determine now, how different can become the initial ) and final | 6s ) vectors. The triangle inequality, in usual 
way, is generalized to arbitrary curves [r2] . Therefore, the angle between initial and final vectors cannot be greater 
than increment of parameter, multiplied by quantum angular speed: 

Z(|<5s),)) < |<5s|iA)A. (9) 

For physical applications it is convenient to introduce some qualitative border, when two state vectors can be 
considered different substantially. So, we will say that two vectors are different substantially, if the angle between 
them is greater or equal to 1 . 

Let us reformulate inequality as the following theorem. 

Theorem, (certainty principle) So that under the action of strongly continuous one-parameter unitary group 
U {5s) = e~ '^^^ the initial state vector ) changes substantially, it is necessary to satisfy the inequality: 

|(5s|A)A^?i. (10) 

This theorem is easily generalized to the case when the group is many-parameter. Namely, if 5s and A have 
matrix indices, implying summation, then the inequality (|10|l can be re-written for this case a little differently: 

A) ( 5s j Aj)^ h . 

And here 5sj are the so called logarithmic coordinates of the group. 

It is worth also to mention the following. When proving the theorem we supposed that quantum velocity is well- 
defined, i. e. the corresponding derivative of the vector with respect to the parameter exists and belongs to the 
Hilbert space. But, if the generator is an unbounded operator, for some state vectors it can be not so. Nevertheless, 
the statement of the theorem turns out to be true even in this case, because in this case the value A^A turns out 
to be infinite. Therefore, when parameter is not equal to zero, in the left part of the inequality we have infinity 
(which is, of course, greater than Planck's constant). 

So, the statement of the theorem turns out to be true for any state vector ) and any (self-adjoint) generator A . 

Subgroups of the Poincare group 

The theorem presented at the end of the previous section is the most general formulation of the certainty principle. 
But in different situations the unitary group under consideration can be representation of some concrete physical 
symmetry group. The most important example is Poincare group, for which the general certainty relation (0) was 
already presented above. This group has some physically important subgroups, which are so practically important, 
that we will discuss them here in more detail. 

Space translations. It is known that generators of three parameter group of space translations are components 
of the vector operator of momentum Pi , P2 and P3 . Consequently, the certainty relation is written as 

A){5xiPi + 5X2P2 + 5X3P3) > h . (11) 

Here numbers 5xi , 5x2 and dx^ form components of the vector that defines the translation. 

If we suppose now that 5x2 = 6x3 = , and also omit the index, then the inequality Hll|) can be written as: 

|fa| A)P ^ h . 

Suppose now, that for the system under consideration we were able to find some observable X , that can be 
considered in some sense a "coordinate operator". This supposition is accepted as undoubted in non-relativistic 
quantum mechanics. In contrast, in relativistic quantum mechanics there is no natural notion of coordinate.^ It 



*This is true even for Dirac's electron. Superposition of positive- and negative-frequency solutions of Dirac's equation does not have 
any physical meaning, and therefore there is no observable described by "operator of multiplication by variable x " . 



— August, 2006 — 



— D. A. Arbataky "The certainty principle (review)" 



— 6 — 



is possible, for example, to form from generators of the Poincare group some vector operator, to which in classical 
mechanics coordinates of the center of mass correspond. But it should be understood that it will have some unusual 
properties. For example, its coordinates will not commute with each other. 

Suppose that X is a self-adjoint operator with continuous spectrum, X ~ X* . Let us denote ^^a.b) its spectral 
projector^ for an arbitrary real interval (a, 6) . 

Suppose also that X , being a coordinate, behaves in usual way under action of translations, namely, for any a , 
h and 5x we have equality: 

i. e. P is a "generator of spectral shifts" for X . 
Suppose now that the system is in state ) , ( | ) = 1 . 

The quantity (fi(a,6)) , obviously, defines the probability to find the system inside the interval (a, 6) . Let us 
define such I and r , that 

{^(-ooj)) = {^ir, + oc)) = ~ 0,07926... 

It is easy to see, that I and r exist^°. So, the quantity S-^X = r — I can be naturally called "uncertainty" of the 
coordinate X . 

Theorem, (uncertainty principle) The following inequality takes place: 

S^XA^P^h. (12) 

In order to prove this theorem let us use (two times) the triangle inequality for the quantum angle: 

= f - arcsin^i^f^ - arcsin^i^^ ^ | _ (| _ i) _ (| _ i) ^ 1 . 

But this means that under action of ^-^^)^PIf>- the vector ) changes substantially. 
Applying the certainty principle, we directly get p2|l . ■ 

So, the certainty principle allows to get the alternate inequality H12|) describing the uncertainty principle. This 
inequality is not equivalent to the Kennard inequality 

From formal mathematical point of view, none of the inequalities Q and (|12|) is stronger than the other. 
But it is not difficult to see that the fraction of the quantities A^X and b^X always satisfies the inequality: 



^ Vl - sin 1 « 0, 398 . . . 

Therefore, if we weaken the Kennard inequality (0) by the additional factor 0, 398 (which is usually not very 
important for qualitative estimations), then it becomes weaker than (|12(l . 

On the other hand, the fraction A^X/(5^X can be arbitrarily great, or even infinitely great, if the wave packet is 
badly localized. In such a situation the Kennard inequality in contrast to the inequality (|12|) . does not give 
any estimation for the uncertainty of momentum at all. 

So, the inequality (|12|l is more informative than for qualitative estimations. 

Space rotations. The generators of the three-parameter group of space rotations are components of the vector 
operator of angular momentum ,J\ , J2 and J3 . Consequently, the certainty relation is written as 

A) ( (5(pi Ji + (5(^2 -h + ^^z 'h)^^ ■ 



^Roughly speaking, spectral projector is an operator nullifying wave function in X -representation outside of the given interval. 
^"But, generally speaking, they are not unique. In order to eliminate this non- uniqueness, it is convenient to choose I maximum of 
the possible, and r — minimum. Then the distance r — / will be minimum. 
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Logarithmic coordinates have here simple geometric interpretation: rotation, described by coordinates Sipi , Sip2 
and Sips , can be performed as rotation around the vector with these coordinates by angle equal to the length of 
this vector. 

If we suppose now that 6ip2 — 5lp^ — and omit the index, then we have: 

\5lp\/^)J ^ h . 

Let us try to get an uncertainty relation by the same scheme as in the case of the group of space translations. 

First of all, it is necessary to note, that uncertainty relation in the form "product of uncertainty of angle and 
uncertainty of angular momentum is greater or equal to Planck's constant" can not be suggested, because in a 
state, when uncertainty of angular momentum is equal to zero (an eigenstate), "uncertainty of angle" should not 
be greater than 27r . 

Furthermore, here we meet the difficulty that it is impossible to introduce a "good" self-adjoint operator of angle. 
The number of operators turns out to be infinite (if at least one is defined), but as soon as we fix the choice of one 
of them by some condition (for example, that its spectrum is inside the interval from to 27r ), it turns out to 
have quite complicated behaviour under rotations, and analysis of formulas becomes difficult. 

So, we will not choose here one from the infinite set of operators of angle, but will imply that we talk about the 
whole infinite set. For this infinite set we will use symbolic notation $ . 

Such an approach does not meet difficulties, because when deriving uncertainty relation we in fact operate with 
spectral measure (the set of spectral projectors). And this spectral measure for all operators of angle is the same 
in essence. Just argument of this measure is not an interval of the real line, as in the case of coordinate operator, 
but a segment of circle. And real coordinate on the circle should be understand up to addition of 2tt . So, the 
spectral measure satisfies relation: 

^^(a+27r,b+27r) = ^{a,b) ■ 

Suppose also that the operator J of angular momentum is a "generator of spectral rotations" for $ : 

e ^ "(a+5¥',b+5¥') e ^ — ii(a,b) ■ 

The quantity ( ^(a,h) ) 7 obviously, defines the probability to find the system inside the angle segment (a, 6) . Sup- 
pose now that there is such a small segment (^, r) , where mainly the probability to find the system is concentrated. 
Namely, suppose that the probability to find the system in the alternate segment is: 

(^r,i+2.)) = ~ 0,07926... 

If r and I were chosen so that the quantity = r — I is minimum, then (5)$ can be naturally called 

"uncertainty" of the angle $ . 

Theorem, (uncertainty principle for angle and angular momentum) The following inequality takes place: 

J)$ ^ min ( ft/ A) J ; TT ) . (13) 

Consider the case, when (5^$ ^ tt . In this case the rotated angle segment {l,r) will not overlap with the 
non-rotated one, and we can apply the same estimation technique for quantum angle as in the case of translations. 

So, let us use (two times) the triangle inequality for the quantum angle: 

Z() , e-^*)*-^/'"') ) ^ , ^,,,+,^<,)e-'*>*^/'') )- 

-Z() , ) ^ Zie-^'^"'^^) , %,.+5,$)e-»*>*^/'') ) = 

^ I _ arcsin^I^ - arcsin ^ | _ (| _ i) _ (| _ i) ^ 1 . 

But this means that under action of ^-i-^y'^J/fi the vector ) is changed substantially. 
Applying the certainty principle, we directly get (|13|l . H 

We see that the certainty principle allows to easily get also the simple uncertainty relation for angle and angular 
momentum. 

It should be noted that attempt 16^ to get an uncertainty relation for angle and angular momentum by analogy 
with the Kennard inequality ^ leads to quite complicated formulas. Namely, if we fix the self-adjoint operator of 



— August, 2006 — 



— D. A. Arbataky "The certainty principle (review)" 



— 8 — 



angle $ by the condition, that its spectrum is the interval [— 7r,7r] , and define the "uncertainty" of angle by the 
formula: 



A($ = min \ ( e+^^vJ/fi- $2 ^-i&v J/h \ 



then we have the uncertainty relation: 



A;ci>A)j ^ - 



i--(a;$ 



(14) 



For investigation of scmiclassical limit the inequality Ijl^f) turns out to be more convenient than (|14|l . because allows 
to use weaker conditions for localization of wave packet. 



Time shifts. Poincare group includes as a subgroup one-parameter group of shifts in time. It is natural to expect 
that the certainty principle has corresponding mathematical expression in this case. And this is really so. 

But our discussion here is complicated by the circumstance that all educational literature on both classical and 
quantum mechanics is oriented to resolving of problems of dynamics only. And the notion of dynamical state is 
necessarily attributed to some moment of time. Such approach hides relativistic invariance. So, the notion of time 
shifts becomes senseless. 

Completely self-consistent, from this point of view, are invariant Hamiltonian formalism (in the case of the classical 
mechanics) and relativistic canonical quantization (RCQ) (in the case of relativistic quantum field theory). In these 
approaches the theory includes not only time shifts, but also Lorentz boosts. But, so far as most physicists are 
not well-acquainted with such approaches now, here we will discuss some intermediate approach that is in essence 
based on Heisenberg representation. (Lorentz boosts we will not consider in this review at all.) 

Usually, dynamical state St in some moment of time t is understood as some set of values, that can be measured 
in the moment t by some set of apparatuses, and that define the whole subsequent evolution of the system 
(i. e. analogous sets of values in subsequent moments of time). In classical mechanics dynamical state is usually 
described either by set of coordinates and velocities (Lagrangian formalism) or by set of coordinates and momenta 
(Hamiltonian formalism). In other words, dynamical state in a given moment of time is defined by a point on some 
manifold, which is called phase space. In quantum mechanics dynamical state is described by vector in Hilbert 
space. 

When we have the question about description of the group of space motions on the space of dynamical states in 
some moment of time, we usually think in the following way. Suppose a set of physical apparatuses K , which 
measures the full set of dynamical variables of the system under consideration, under action of some motion G 
transferred to if' , G : K ^ K' . And suppose for some dynamical state of the system S we have dynamical 
state S' , such that the set of apparatuses K' , which measures parameters of the state S' , gives the same results 
as K , which measures parameters of the state S . Then we say that under action of the transformation G state 
S transfers to S' . Symbolically we can write it as: 

G-.K^K'., K{S) = K'{S') =^ G:S^S'. 

Exactly in this way the action of space translations and rotations is introduced, described above. 
It seems, it would be natural to apply this definition to the group of time shifts: 

G : Kt-^ , Kt-^{Sti) — Kt2{St2) ==> G : St-^ — > St2 ■ 

But this definition turns out to be not very useful, because it turns out to be purely formal and with no connection 
with dynamics. 

Let us improve a little the definition of dynamical state given above. Let us suppose that if some dynamical state 
St-^ is transferred by evolution to St2 , then St-^ and St2 describe the same dynamical state. In other words, 
dynamical state is just some abstract set of values (not necessarily connected with measurements in a concrete 
moment of time) defining evolution of the system. When we talk about quantum systems, we can think that 
dynamical state is just described by Heisenberg vector of state. 

If the system is closed, its Hamiltonian does not depend on time, and it commutes with space motions. Therefore 
the theory of space motions, described in the previous sections, can be applied in this case. And what is more, the 
group of time shifts is joined here, which is described by the family of operators: 

U{6t) = e- '^'^-"^^'' . 
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It should be noticed that generator of this group is Hamihonian with sign "minus" . An operator, describing action 
of the group under consideration, is reciprocal of the operator, describing evolution in Schrodinger equation. We 
can say that here the group acts actively, but in the Schrodinger representation it acts passively. 

The certainty relation for the group of time shifts takes the form: 

\St\A)H;^h. (15) 

If we look at this relation from the point of view of the Schrodinger representation (but doing so we lose connection 
with Poincarc group) , then this relation turns out to be exactly the Mandelshtam-Tamm relation for the speed 
of quantum evolution. 

So, the Mandelshtam-Tamm relation for the case of closed systems is a consequence of the certainty principle. 

Let us consider now non-closed systems. The Mandelshtam-Tamm relation for the speed of quantum evolution 
(derived in the Schrodinger representation) is naturally generalized for this case. Let us denote Hamiltonian for this 
case as iJ^"'' . So far as the quantity A|(^i?^"'' , generally speaking, depends on time, it should be just averaged: 

|r| A|t)i7f"ii ^ h . (16) 

Here r is the time interval of evolution (it does not have meaning of logarithmic coordinate on any group). 

The certainty principle in this situation, formally, turns out to be not applicable. But, in practical situations, when 
we consider non-closed quantum systems, their Hamiltonian can be usually represented as sum of two terms, the 
Hamiltonian of "free" system and Hamiltonian of interaction "with external classical field" : 

And usually the Hamiltonian of interaction iJ'"' can be "turned off" . 

In this case it is natural to connect the notion of dynamical state of the system with its evolution when Hamiltonian 
of interaction is turned off (though, the state can be considered in a concrete moment of time, without turning 
off the Hamiltonian of interaction). Correspondingly, the certainty relation (|15|l remains the same. Its meaning 
becomes somewhat more abstract, with no direct connection with the Mandelshtam-Tamm relation Hl()|) . 

In the end, let us note that Mandelshtam and Tamm derived their relation by direct estimation of the scalar product 
of the initial and final vectors of state. They did not use the theory of Fubini-Study metric. Such a derivation 
turns out to be substantially shorter. But geometrical nature of the result turns out to be quite hidden. This 
additionally complicates interpretation (in addition to the more serious disadvantage: interpretation based on the 
Schrodinger equation). 

Derivation of the Mandelshtam-Tamm relation (in the frame of the Schrodinger equation), based on Fubini-Study 
metric, was given later by Anandan and Aharonov jJS]. They did not give the reference to Mandelshtam and 
Tamm. So, in the western literature this relation is often erroneously called the Anandan- Aharonov relation. 
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uncertainty principle 

(Heisenberg, 1927) 


certainty principle 

~ (Arbatsky, 2005) 


X, p 


(Kennard, 1927) 

(5)XA)P ^ h 
(Arbatsky, 2006) 


\Sx\A^P > h 

(Arbatsky, 2005) 

A){dxi Pi + 6x2 P2 + (5x3 P3 ) ^ ^ 
(Arbatsky, 2005) 


¥>, J 


(Judge, 1964) 

(5)$ > min ( ft / A) J ; tt ) 

(Arbatsky, 2006) 


\5<p\A^J^h 

(Arbatsky, 2005) 

A) ( Sifii Ji + 6ip2 J2 + S(p3 J3) > h 
(Arbatsky, 2005) 


t, E 


— 


\St\A^H ^ h 
(Mandelshtam, Tamm, 1945) 


all 




A) {-6x^Pfj, +1 5iO^^ Jij.u)> h 
(Arbatsky, 2005) 
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" AHHOTau,Ha 

O ; onpe^oc™ (2005) no3BO.n. ocM.c.n.. c 5o.ee 4,yH„™ KaK ^p.H^.^ 

(N 



HBonpeflejieHHOCTH reH3eH6epra (1927), xaK h cooTHonieHne MaHflejibniTaMa-TaMMa (1945). B nacToameM o63ope 
flaeTca noflpo6Hoe o6i)acHeHHe h o6cy5KfleHHe npHHii;Hna onpeflejieHHOCTH, opneHTHpoBaHHoe na Bcex (J)h3hkob, 

bJJ), KaK TeOpeTHKOB, TaK H SKCnepHMBHTaTOpOB. 



^3 

< 



HcTOpHMeCKHe KOMMeHTapHH 



npHHi];Hn HeonpeflejieHHOCTH. HnTaTejiio, HHTepecyromeMycH HCTopneii npHHijHna HeonpedejieHHOcmu, peKOMen^iyeTCfl 

^ ' nosHaKOMHTbCfl, HanpHMep, c o63opoM Sflecb see 6y;iyT ^janbi tojibko neKOTopbie saMenaHHsi, BajKHbie c tohkh 

00 speHHfl flajibHenmero HSJioJKeHHfl. 

. IlpHHiiHn HeonpeflejieHHOCTH 6biji npefljioJKeH FeiiseHGeproM b 1927 r. [2]. CaM reH3eH6epr ero c(i)opMyjiHpoBaji 

OO " Tax: 
O 

^ ; . HeM 6o.ee xo.ho onpe.e.ena KOop.HHaxa, xen nenee xo.ho b xo >Ke BpeM. nsBecxee HMoy.bc, h Hao6opox. 



IlpH 3X0M fljifl HexoHHOCxeii Koopflnnaxbi h HMnyjibca 6bijio yKasano Ka^ecxBGHHoe cooxHomeHHe BH^a: 

A)X A)P ^ h . (1) 



^ , reH3eH6epr, paccMaxpHBaa KOHKpexHbie npHMepbi, ;iaji HMeHHO Ka^ecxBeHHyro (JjopMyjinpoBKy. Xlpn sxom caMOMy 
noHflXHK) „Hexo^HOCxH" OH He fl,aji xo^Horo onpe^ejienHfl. 



BcKope Kennapfl jH] flaji xo^Hyio MaxeMaxH^ecKyio (JjopMyjinpoBKy fljia cjiy^aa KOop^HHaxbi h HMnyjibca. Ilpeflnojiaraa 
, cnpaBe^jiHBOCXb „KOMMyxaLi,HOHHOro cooxHomeHHfl" [X, P] — ih , oh noKasaji, hxo fljiR npoHSBOJibnoro KBanxoBoro 
^ cocxoflHHfl ) HMeex Mecxo cooxHomeHHe: 

A)XA)P^-. (2) 

IIpH 3X0M 

To ecxb, B cooxBexcxBHH c BepoaxHOCxHoii HHxepnpexaiiHeH KBanxoBoii MexaHHKH, no^ nexoHHOCxaMH KOop^HHaxbi 
H HMnyjibca npe^jiarajiocb noHHMaxb cpe^neKBa^IpaxHHHbie oxKJiOHeHHfl sxhx Ha6jiioflaeMbix. 

BbHfly HCKjiio^HxejibHOH npocxoxbi ^OKasaxejibcxBa, cooxHomeHHe ^ cxajio o6iri;enpH3HaHHbiM MaxeMaxHHecKHM 
BbipajKeHHeM npHHiiHna neonpe^ejieHHOCxH h nonajio bo Bce yHe6HHKH KBanxoBoii MexaHHKH. IIpH axoM BceBOSMOJKHaa 
KpnxHKa (b xom HHCJie b HJiane cooxBexcxBHH HpaKXHHecKOMy SKCHepHMenxy) ^ oxaaajiacb 6ojiee hjih Menee 
HpoHrHopnpoBaHHOH. O^naKO, CKopo mm yBH^HM, Hxo HpHHn;HH onpe^ejieHHOCxH nosBOJiaex nojiy^axb ajibxepnaxHBHbie 
HepaBBHCXBa, onHCbiBaioiuHe npHHiinn neonpeflejieHHOCXH, Koxopbie OKasbiBaioxcfl 6ojiee coflepjKaxejibHbiMH c npaKXH^ecKoii 

XO^KH SpBHHfl. 

^ajiee MaxeMaxH^ecKoe ^OKasaxejibcxBO pasjiH^^HbiM o6pa30M o6o6iri,ajiocb. IIpH sxom oho pacHpocxpanajiocb 
Ha flpyrne napbi HeKOMMyxnpyroniHx Ha6jHO^aeMbix. IIosxoMy, Hxo6bi H36e}Kaxb neacHOCxH b caMOM xepMnne 
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npuwuun HeonpedeAeHHOcmu, npHBe^eM s^ecb necKOJibKO HHyro, 6ojiee coBpeMeHHyro h o6iri,yro, (JjopMyjinpoBKy 
STOro npHHiiHna^: 

• EcjiH nonbiTaTbca onncbiBaTb flHHaMHHecKoe cocTOSHHe Keawmoeou ^acTHiibi MeTOflaMH KAaccunecKou MexanHKH, 
TO TOHHOCTb TaKoro onHcaHHfl npHHiinnnajibHO orpanHHeHa. KAaccunecKoe cocTOflHHe ^acTHiibi OKasbiBaeTca 
uAoxo onpe^ejieHHbiM. 9Ta neonpeflejieHHOCTb MOJKeT 6biTb MaTeMaTH^ecKH BbipajKena pasjiHHHbiMH HepaBencTBaMH, 
onHCbiBaiomHMH pa36poc sna^eHHii Ha6jiio;i,aeMbix, HMeromnx KBasHKJiaccHHecKHii npe^eji. 

PasyMeeTCfl, reH3eH6epr ne Mor c4)opMyjiHpoBaTb npHHiinn neonpe^iejieHHOCTH b TaKoii (J)opMe. 9to 6bi npoTHBopeHHJio 
jiorHKe HCTopHHecKoro MOMeHTa. Be^b b 1927 ro^y 4)H3HKa nepexo^Hjia ot KjiaccHHecKoii MexanHKH k KBaHTOBoii, 
H npHHiiHH Heonpe^ejieHHOCTH BOcnpHHHMajica ksk nyTb h3 CTapofi TeopHH b HOByio. 

Cero^Hfl }Ke, Kor^ja KBaHTOBaa MexannKa yjKe cocToajiacb, npHHiinn neonpe^ejieHHOCTH flBJiaeTCfl Bcero jinnib 

MeTO^IOM KaHeCTBeHHOH OIjeHKH TO^HOCTH KBa3HKJiaCCH^eCKOrO npH6jIH}KeHHfl. H HeT HHKaKHX OCHOBaHHH CHHTaTb 

3T0T npHHiiHn 6ojiee (J)yHflaMeHTajibHbiM, hgm caM MaTeMaTH^ecKHii annapaT KBanTOBoii MexanHKH. 

CooTHomeHHe MaH^ejibniTaMa-TaMMa. IlocKOJibKy j^jir KOopflHHaTbi h HMHyjibca cymecTByeT cooTHomenHe 
HeoHpe^ejieHHOCTeii BH^a o6m,He coo6pa}KeHHfl, CBflsannbie c Teopneii OTHOCHTejibHOCTH,^ yKa3biBaK)T, hto, 
HO-BH^HMOMy, ^jojiJKHO cym,ecTBOBaTb H cooTHomeHHe HeoHpe^ejieHHOCTeii jijir BpeMenn h sneprnH BH^a: 



CaM FeiiseHGepr yKa3aji na TaKoe cooTHomenHe. O^naKO, yjKe b to BpeMs 6bijio acho 0j, ^to c ^annbiM cooTHomeHHeM 
flejio o6cTOHT cjiojKHee, TaK kbk ne cymecTByeT KBaHTOBOMexanHHecKoii Ha6jiioflaeMOH „BpeMa", h ne acho, hto JKe 
cjie^yeT HOHHMaTb ho;i „HeoHpe^ejieHHOCTbK)" BpeMenH. 

TeM He Menee, 4)H3HKaM Bce >Ke xoTejiocb BepHTb, hto hphhh,hh Heonpe^iejieHHOCTH flBJiaeTCH ^yHdaMenmaAbHUM 
(J)H3HHecKHM HpHHiiHHOM, a HOTOMy HOHbiTKH o6ocHOBaTb cooTHOHieHHe jSJ He HpeKpaiiiajiHCb flo caMoro HocjieflHero 

BpeMeHH. IlpH 3T0M OHH B OCHOBHOM CBOflHJIHCb K HOHblTKaM HOKaSaTb, ^TO HOHflTHe „HeOHpeflejieHHOCTb BpeMeHH" 
flBJIfleTCfl OCMblCJieHHblM. H 3T0 OCMblCJieHHe o6bIHHO HpOBOflHJIOCb HyTBM aHajIHSa HpOH,eCCa H3MepeHHa, TO eCTb 

K anajiHsy BsaHMO^iencTBHa KBanTOBoii HacTHH,bi c HpH6opoM Tnna MHKpocKOHa reH3eH6epra. (ho^ipoGhmh o63op 

C KpHTHHeCKHM aHajIH30M CM. B 0) 

Hejib35i CKasaTb, ^to sth hohmtkh 6bijiH 6e3ycHemHbiMH. TeM ne Menee, ^yMaeTca, TaKoii ho^xo^ ne cooTBeTCTByeT 
o6iri;eH MeTO^ojiornH KBanTOBoii MexanHKH. /Jejio b tom, ^to anajiHTH^ecKnii annapaT KBanTOBoii MexanHKH opnenTHpoBan 
na H3y^enHe KBanTOBbix cncTeM KaK caMOCTOflTejibnbix 4)H3HHecKHx cyninocTeii. 9tot anajiHTH^ecKHii annapaT 
^HCTaHH,HpyeTCfl ot no^po6nocTeH B3aHMo;ieHCTBHfl npH6opoB c H3y^aeMOH cncTeMoii. 

B 1945 r. ManflejibniTaM h TaMM ^ajin CTporyio MaTeMaTnnecKyio (i)opMyjiHpoBKy cooTHomeHHH Bn^a^ 



Man^sjibniTaM h TaMM na3BajiH sto cooTnomenne „cooTnomenHeM neonpe^ejiennocTH sneprnH-BpeMH b nepejiATHBHCTCKoii 
KBanTOBoii MexannKe", nocKOJibKy, oi^eBH^no, nojiarajin, ^to nanijin MaTeMaTH^ecKoe BbipajKenne npHnn,Hna neonpeflejiennocTH 
fljia aneprnn n BpeMenn. CooTBeTCTBenno, flajibnenmne nonbiTKn o6ocnoBaTb cooTnomenne ueonpedeAeHHOcmu 
aneprnfl-BpeMH b ocnoBnoM flBjiajincb nonbiTKaMH noKa3aTb, ^to Bejinnnna St b cooTnomennn Man^ejibniTaMa- 
TaMMa MOJKeT b tom hjih nnoM CMbicjie nonnMaTbca ksk „neonpeflejiennocTb" BpeMenn. 

O^naKO, fl Bce ace nojiararo, ^to na3biBaTb cooTnomenne Man^ejibniTaMa-TaMMa cooTnomenneM HeonpedeAeuHocmeu 
neT floCTaTO^no y6eflHTejibnbix ocnoBannii. KaK 6bijio CKasano Bbime, npnniinn neonpe^ejiennocTH ne 6ojiee (jjynflaMenTajien, 
neM caM MaTeMaTn^ecKnii annapaT KBanTOBoii MCxannKn. Bojiee Toro, anajins pcjihthbhctckhx KBanTOBbix chctcm 
noKasbiBacT, hto on Menee (i)ynflaMenTajien. XlosTOMy ncT ocnoBannii cnnTaTb, hto (jsyn^aMenTajibnoe cooTnomenne 
neonpeflejiennocTeii Bn^a (EJ flOJiJKno cym,ecTBOBaTb. 

CKopo Mbi ybn^nM, hto cooTnomenne Man^ejibmTaMa-TaMMa b cjiynae 3aMKnyTbix chctcm aBjiaeTCfl npoflBjienncM 
nnoro 4)n3H^ecKoro npnniinna, npnniinna onpedeAeHHOcmu, KOTopbiii 6ojiee (jsyn^aMenTajien, ncM npnniiHn neonpe^ejiennocTn 
reH3en6epra. Ilpn stom BCJin^nna St , 4)nrypHpyiom;afl b nepaBcncTBC Q, npn nepexo^e ot npeflCTaBjienna 
Ulpeflnnrepa k npe^CTaBJiennro FeiisenGepra (njin k PRK-npe^CTaBJiennro) OKa3biBaeTCfl jiorapncjaMn^ecKoii KOop^nnaToii 



^TaxaH (|)opMyjTHpoBKa ne tojtbko nosBOJiHGT Hcnee noHHTB, hto yKe hmghho HBjTHeTCH „HeonpeflejieHHBiM" , ho h nosBOJiHGT ybh^gtb 
aCHO KOHTpacT c npHHi(HnOM onpedeMeHHOcmu. 

'^CKopo MBI, o^HaKO, yBH^HM, HTO 9TH coo6pa:aceHHH neeepnu, h6o caMO cymecTBOBaHne npHHi^nna Heonpe^ejieHHOCTH CBasano co 
cneijHcjjHiecKHMH oco5eHHOCTaMH HepejiMinueucmcKoso npH5jiH5KeHHa. 

^S^ecB OHO sanHcano hgckojibko Hnane, hto6bi acnee 6Bijia BH^na CBasB c ^ajiBHeftrnHM. 



(3) 



(4) 
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Ha rpynne HyaHKape. ^ji-h neKOTopbix iiejieii ee mojkho HHTepnpeTHpoBaTb xax „HeonpeflejieHHOCTb BpeMeHn", ho 
B 3TOM, BOo6iri,e roBopH, neT HyjKflbi. 

Hto KacaeTCfl nesaMKnyTbix CHCTeM, y KOTopbix raMHjibTOHHan npoHSBOJibno saBHCHT ot BpeMenn, cooTHomeHHe 
MaH^ejibniTaMa-TaMMa cjie/iyeT CHHTaTb cooTHomeHHeM ^jia ckopocth KBanTOBoii sbojiioiihh. IlpH stom oho aBjiaeTCfl 
BHOJine caMOCToaTejibHbiM cooTHomeHneM, MaTeMaTHHecKH we-SKBHBajieHTHbiM cooTHomeHHio onpe^ejieHHOCTH jiJisi 
BpeMeHH H sneprHH. 

Tlpwanmu onpe^ejieHHocTH. Kor^a BCTaeT Bonpoc o npHMenenHH coo6pajKeHHH, CBHsanHbix c TeopHeii OTHOCHTejibHOCTH, 
B KBaHTOBOH MexaHHKe, CTOHT sa/iyMaTbCfl o tom, hto nan BOo6iri;e hsbgctho npo pejiHTHBHCTCKyio HHBapnaHTHOCTb 
B KBaHTOBoii TeopHH. 

Fpynnoii HHBapHaHTHOCTH npocTpancTBa MnHKOBCKoro"' aBjiaeTca rpynna HyaHKape. IlMeHHO c HHBapHaHTHOCTbio 
no OTHomeHHio k SToii rpynne saxoHOB npnpoflbi BOo6iri;e, n KBaHTOBoii MexaHHKH b nacTnocTn, CBflSbiBaeTca 
noHflTne pejiflTHBHCTCKoii HHBapHaHTHOCTH. 

Bee 4)H3H^ecKH co^epjKaTejibHbie KBanTOBbie cncTeMbi, na KOTopbie pacnpocTpanaeTCfl ^lencTBne rpynnbi HyanKape, 
H3BecTHbie flo CHx nop, sBjiaiOTCfl KBanTOBbiMH nojiflMH (jih6o hx noflcncTeMaMn) . Xlpn stom ^o 2002 ro^a MaTeMaTH^ecKoe 
KOHCTpynpoBanne KBanTOBbix nojieii nponsBOflHjiocb no TaKHM peijenTaM^, KOTopbie ^ejiajin ^eiicTBHe rpynnbi 
HyaHKape na npocTpancTBe coctohhhh KBanTOBannoro nojia CKpbiTbiM. <I>aKTHnecKH, (J)H3hkh flOBOJibCTBOBajincb 
yTBepsK^ienneM, hto rpynna HyaHKape ^eiicTByeT na npocTpancTBe coctoahkh HeMOHO, no neKOTopbiM ^obojibho 
cjiojKHbiM 4)opMyjiaM. 

C noHBjieHneM pejiflTHBHCTCKoro KanonnnecKoro KBanTOBanna (PKK) [Hj (flJia Ha^rajibHoro oaHaKOMjienna peKOMen^yeTCH 
0630P pj) CTajio, OflnaKO, nonaTHO, KaKHM o6pa30M fleiicTBHe rpynnbi Hyanicape nepenocHTca c npocTpancTBa 
MnHKOBCKOro na npocTpancTBO cocToannii KBanTOBannoro nojia.® Ciajio TaKJKe o^reBn^nbiM cjie^iyioniee: 

• HoHHTne KOop^innaTbi, KaK KBaHTOBOMexanHTrecKoii na6jnoflaeMOH, fljia pejisTHBHCTCKHx KBanTOBbix cncTeM 
BOo6LLi,e ne flBJiaeTCfl ecTecTBennbiM, ne roBopa yjKe o (Jjyn^aMenTajibnocTn. (Hpe^inpHnnMaBninecH b nponiJiOM 
nonbiTKH BBe^ennfl KOop^nnaT ^jia neKOTopbix cncTeM, nanpnMep jlOj . npeflCTaBjiaiOTCfl ^obojibho ncKyccTBennbiMn.) 

• Ho 3T0H npn^nne npnniiHn neonpe^ejiennocTH BOo6iri;e we Moatcem 6t,m> (jjyn^aMenTajibnbiM, b njiane pacnpocTpanenna 
ero na pejisiTHBHCTCKyio KBanTOByio Teopnio. 

OnnpaflCb na MeTO^ojiornio PKK, a ccJjopMyjinpoBaji ^2 npHnn;Hn onpedejieHHOcmu: 

• EcjiH onncbiBaTb ^innaMnnecKoe cocTOflnne KBanTOBoii ^acTHn,bi (cncTeMbi) MeTO^ann KeuHmoeou MexannKn, 
TO Keamnoeoe cocxoHnne ^acTHn,bi (cncTeMbi) OKasbiBaeTca xopouio onpe^jejiennbiM. 3Ta onpe^ejienHOCTb 
KBanTOBoro ^nnaMn^ecKoro cocTOflnnfl 03Ha^aeT, hto „Majibie" npocTpancTBenno-BpeMennbie npeo6pa30BaHHfl 

ne MoryT cymecTBenno MensTb KBanTOBoe cocTOHnne. Hpn stom b cjiy^ae rpynnbi Hyanicape, ^Jia npeo6pa30BaHHH, 
cnoco6nbix cymecTBenno MensTb KBanTOBoe cocToanne, cnpaBe^jinBa on,enKa^: 

A) {~Sxf^Pf_, +5 Suj^^ J^u) ^ h , (5) 

r^e Pfj, — BeKTopnbiii onepaTop sneprnn-HMnyjibca, J^i^ — Tensopnbin onepaTop neTbipexMepnoro MOMenia 
nMnyjibca, Sxfj_ n Sujfj,i, — CTan^apTHbie jiorapncj^MH^ecKne KOop^nnaTbi rpynnbi HyanKape. 

Hpn 9T0M, nocKOJibKy npnniiHn onpe^ejiennocTH flBjiaeTCfl ynnBepcajibnbiM, on npeKpacno pa6oTaeT n b o6bi^HOH 
KBanTOBoii MexannKe, b tom nncjie b uepeAsimueucmcKou. HosTOMy KajKeTca yflHBHTejibnbiM, ^to stot npnniiHn 
ne 6biji ccjjopMyjinpoBaH panbme. 3TOMy, o^naKO, ecTb ;i,Ba o6'b5iCHennfl. 

Bo-nepBbix, stot npnniiHn (jsopMyjinpyeTCfl ecTecTBenno c ncnojibsOBanneM 6a30Bbix nonaTnii PKK. B ^acTHOCTn, 
npn 4)opMyjiHpoBKe npnniiHna onpe^ejiennocTn nonsTne duHaMunecKozo cocmosmua, nanGojiee ecTecTBenno nonnMaTb 
B HHTepnpeTaiinn PKK. 9Ta Tpy^nocTb, no-Bn^HMOMy, flBjiajiacb rjiabnoii. 



■'HeTtipexMepHoro npocTpaHCTBa-BpemeHH cneijHajibHoii TeopHH OTHOCHTejibHOCTH. 

^Hmghho „pei];enTaM" , nocKOJiBKy 4)opMajiBHBiH MaTeMaTHnecKHH npoi];ecc BOo6ii];e OTcyTCTBOBaji. 

^OTjiHiHTejibHoii ocoSeHHOCTbK) MBTOfla PKK aBjiaeTca HMeHHO HOCTpoeHHe KBaHTOBaHHbix nojieii b pauKax leTbipexMepHoii 
reoMeTpHH npocTpancTBa MnHKOBCKoro, 6e3 HCKyccTBGHHoro pas^ejieHna npocTpancTBa h BpeMenn. 

'^Sflecb H flajiee no noBToparoniHMca rpeiecKHM TeH3opHbiM HH^eKcaM npeflnojiaraeTca pejiaTHBHCTCKoe cyMMHpoBaHne: 

a-ij. = ao feo — 11 bi — 02 62 — 13 bs . 
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Bo-BTopbix, fljiR Toro, ^To6bi npHHTH K npHHLi,Hny onpe^ejieHHOCTH H3 o6bi^HOH KBaHTOBoii MexaHHKH, Tpe6yeTCfl 
onnpaTbCfl na leopmo KBaHTOBoro yrjia (mbtphkh 'l>y6HHH-IIlTy^H) . A cymecTBOBaHne SToii mbtphkh, xots h 
HecjiojKHO flOKasbiBaeTCfl, OTHioflb ne flBjiaeTCfl o^eBH^HbiM. 9Ta MeipHKa 6bijia OTKpbiTa TOJibKO b 1905 ro/iy 
<I>y6HHH |13j H IIlTyflH |14j . h 6ojibmHHCTBO 4)H3HKOB o Heii He snaiOT. 



MaTeMaTHHeCKHH cJ)OpMajIH3M 

KBaHTOBbiii yroji (ivieTpHKa •PyGnHH-IIlTyflH) . PaccMOTpHM e^HHHHHyio ccjsepy = 1 b o6biHHOM 

TpexMepHOM eBKjiHflOBOM npocTpancTBe M.^ . PaccToaHne, HSMepeHHoe no noBepxHOCTH c(|)epbi, MejK^y jiio6biMH 
flByMfl TOHKaMH paBHO yrjiy MejK^y jiy^aMH, hcxo^ihiuhmh h3 na^ajia KOop^HHaT h npoxo^flinHMH ^epes ^janHbie 

TO^KH. 

TaKHM o6pa30M, CBaab yrjiOB MejK^y jiy^ann c paccTOflHHHMH na ccjsepe ^ejiaeT OHeBH^HbiM BajKHoe cbohctbo 
yrjia: oh y^OBjieTBopfleT „HepaBeHCTBy TpeyrojibHHKa" : 

Z{a,c) ^Z{a,b) + Z{b,c) . (6) 

Yroji B 3T0M npHMepe, xax HSBecTHO, BbipajKaeTca ^epes CKajiapnoe npoH3Be^eHHe (-I-) b npocTpancTBe M.^ no 
(JjopMyjie: 

Z{a,b) = arccos(a|&) . 

Sflecb B npaBoii nacTn (JjopMyjibi BexTopbi, kohiim KOTopbix jiejKaT b Tonxax nepece^enna jiynen a n 6 c 
eflHHHT^HOH ccjaepoii, o6o3HaneHbi tgmh me 6yKBaMH, ^^to h cann jiynn. Bo3MO>KHbie snanenna yrjia b stom npnMepe 
jiejKaT B flnanasone ot ^o tt . 

nonpo6yeM Tenepb paccMOTpeTb yrjibi ne MejK^y jiynaMH, a MejK^y npaMbiMn, npoxo^amnMn nepe3 na^ajio 
KOop^nnaT. Xlpn 3tom BOSMOJKHbie 3HaneHHfl yrjia, o^^eBHflHO, 6yflyT jiejKaTb b 6ojiee y3K0M flnanasone ot ^o 
7r/2 . <I>opMyjia ^Jia yrjia b 3tom CJIy^^ae neMnoro BH^OHSMenfleTca: 

Z{a,b) = arccos |(a|&)| . (7) 

By^ieT jiH yroji b stom cjiynae y^jOBJieTBopaTb nepabencTBy TpeyrojibHHKa (j^J? OiBeT na stot Bonpoc ne KajKeTca 
nenocpeflCTBenno oneBn^nbiM, nocKOJibxy KajK^on npHMoii OTBe^^aeT y>Ke napa to^gk na eflnnnnnoH C(|)epe. O^naKO, 
sjieMenTapnoe jiornnecKoe paccyjKflenne no3BOJiHeT cbgcth stot npnMep k npeflbiflymeMy. Otbst oxasbiBaeTca 

nOJIOJKHTejIbHbIM . 

nonpo6yeM Tenepb nocMOTpeTb, xaKHM o6pa30M o6cTOflT ;iejia b TpexMepnoM KOMnjieKcnoM rHJib6epT0B0M npocTpancTBe 

. BMecTO BemecTBennbix npsMbix b stom CJIy^^ae mm, o^eBH^no, nneeM KOMnjieKCHbie npaMbie, to ecTb o^noMepHbie 
KOMnjieKCHbie noflnpocTpancTBa. KajK^oe Taxoe no^npocTpancTBO nepeceKaeTca c eflnnn^Hon c(i)epoH = 1 
yjKe flajKe ne no flByn, a no 6ecK0HeHH0My HHCJiy tohck. 9th tohkh OTjiHHaiOTCfl flpyr ot flpyra KOMHjieKcnbiM 

MHOJKHTejieM, paBHbIM HO MO^yjIK) e^HHHD;e. 

y roji npn stom onpe^ejifleTCfl Toii ace caMoii (jaopMyjioii Q , ho CKajiapnoe npoH3BefleHHe 3flecb yjKe cooTBeTCTByeT 
npocTpancTBy . Bo3MO}KHbie 3Ha^^eHH^^ yrjia, o^eBH^no, TaxjKe 6yflyT jiejKaTb b flHanasone ot flo tt/2 . 

By^ieT JIH yroji h b stom cjiy^ae y^OBJieTBopHTb nepaBencTBy TpeyrojibHHKa ijSJ? OTBeT n na stot pa3 OKasbiBaeTCfl 
nojiojKHTejibHbiM. 9tot 4)aKT 6biji ycTanoBJien 'l>y6HHH h IIlTy^n [14] (necjioiKHoe ^OKa3aTejibCTBO TaKJKe 
HMeeTCfl B |12j'l. nosTOMy yroji MejK^y KOMnjieKCHbiMH npaMbiMH b rHjib6epT0B0M npocTpancTBe Ha3biBaeTCfl 
MempuKou 0y6uHU-IIImydu. 

BbinojiHeHHe nepaBencTBa TpeyrojibHHKa, Kone^no, ne saBHCHT ot pa3MepHOCTH rHJib6epT0Ba npocTpancTBa, nocKOJibKy 
npn npoBepKe nepaBencTBa TpeyrojibHHKa Bcer^a mojkho nepeiiTH k cooTBeTCTByromeMy TpexMepnoMy noflnpocTpancTBy. 

/lajiee, nocKOJibKy b KBaHTOBoii MexanHKe npocTpancTBO cocToanHii KBanTOBoii CHCTeMbi Ti. flBjiaeTca KOMnjieKCHbiM 
rHjib6epT0BbiM npocTpancTBOM, MeTpnica <I>y6HHH-IIlTyflH mojkbt ecTecTBennbiM o6pa30M paccMaTpHBaTbca ksk 
Mepa pasjiHHHOCTH KBaHTOBbix cocTOiiHHH. B 3TOM KOHTeKCTe Mbi 6y;i,eM nasbiBaTb ;i,aHHyio MeTpHKy KeamnoeuM 
yzAOM, nocKOJibKy sto uosBOJiaei o6pa30BbiBaTb ecTecTBennbie cjiOBOCo^eTanHii THna „KBaHTOBafl yrjiOBaa CKopocTb". 



KsaHTOBaa yrjioBaa CKopocTB. IlycTb Tenepb HopMnpoBanHbiii BeKTop r saBiiCHT ot BeniecTBennoro napaMeTpa 
t: teR, r{t) e H , II r{t) || = 1 . 

Onpe^ejiHM KeaHmoeyw CKopocmb v{t) paBencTBOM: 

rit + St) - r{t) 



v{t) — r{t) — lim 



<5t^o St 
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Onpe^ejiHM TEKJKe KeaHmoeyw yzjioeyw CKopocmb uj{t) paBencTBOM: 

Z{rit + 6t),r{t)) 

Lu{t) = hm — — . 

st^o I 6t I 

HTo6bi BbipasHTb uj{t) Hepes v{t) , pasjiojKHM v{t) Ha flBe opToroHajibHbie cocTaBJiHiomHe: 

v\\it) ^ rit) (rit)\vit)) , . 

/l^aHHoe pasjiojKeHHe (jaopMajibHO Bbirjifl^HT Tax jKe, xax h cooTBeTCTByromee paajiojKeHHe b BemecTBeHHOM cjiy^ae, 
xopomo HSBecTHoe b KHHeMaTHKe MaTepnajibHoii tohkh. OflnaKO, na 3Ty anajiorHio nejibsa nojiaraTbca cjihiiikom 
CHjibHO. /lejio B TOM, HTO B BeiiiecTBeHHOM cjiyHae najiH^ne napajiJiejibHon KOMnoneHTbi CKopocTH nenpeMeHHO 
CBflsaHO c npHpameHHeM hopmbi BeKTopa. B paccMaTpHBaeMOM me naMH KOMnjieKcnoM cjiy^ae BexTop npe^nojiaraeTCH 
Bcer^a coxpaHaroniHM e^iHHH^Hyio Hopny. HajiHHHe jKe napajiJiejibHoii KOMnoneHTbi CKopocTH OKasbiBaeTca CBasaHHbiM 

C B03MO}KHOCTbK) ^lOMHOJKeHHfl BeKTOpa Ha KOMnjieKCHblH (jjaSOBblH MHOJKHTejIb, paBHblH nO MOflyjIK) eflHHHLI,e. TbM 

He Menee, Bepna cjie^yromafl 

T e o p e M a. Keawmoeaji ygjioeaji CKopocmb paeua HopMe opmozoHajibHou cocmaeAJimineu KeaHuioeou CKopocmu: 

u:{t)^\\v^{t)\\ . (8) 



IIpejK^ie HeM ;iOKa3biBaTb 3Ty Teopeny, saneTHM, ^to b BemecTBennoM cjiy^ae paBencTBO Q ABJiaeTca onpedeAenueM 
yrjiOBoii CKopocTH uj . IIpH stom yroji b BemecTBeHHOM cjiy^ae onpedeAsiemcsi xax HHTerpaji ot yrjiOBoii CKopocTH 
BflOJib SKCTpeMajibHoii ^yrn. Ilocjie Hero yjKe onpedejiaemcsi TpHroHOMeTpH^ecKaa (jayHKiina arccos ^Jia kohchhux 
yrjiOB. 

Henocpe^CTBennoe nepeneceHne TaKoii jiophkh na cjiyHaii KOMnjieKcnoro rHJib6epTOBa npocTpancTBa saTpy^HHTejibHO, 
nocKOJibKy SKCTpeMajibHbix ^yr Bcer^a mhofo, h hh o^ina h3 hhx He ABJiaeTCH ctojib npocToii, HTo6bi nosBJieHHe 
BemecTBeHHoii 4)yHKLi;HH arccos 6bijio reoMeTpHHecKH OHeBH^HO. 

IlosTOMy s^ecb naM npHxo^HTCfl HCCJieflOBaTb nenocpeflCTBeHHO 6ecK0HeHH0 Majibie yrjiM, t. e. pa6oTaTb b6jih3h 
0C060H TOHKH 4)yHKii,HH arccos . HTo6bi SToro H36e}KaTb, Mbi HcnojibsyeM paBencTBO HapceBajiH fljin saMenbi 
arccos na arcsin : 

— arccos ( r(t + St) \ r{t) ) = 
= arcsin || r{t + 5t) - r(t) ( r{t) \ r{t + St) ) \\ = 
= arcsin || r{t + St) - r{t) - r{t) ( r{t) \ r{t + St) - r{t) ) \\ = 
= arcsin || v{t) St + o{St) - r{t) ( r{t) \ v{t) St + o(St) ) \\ = 

{v{t) ~ r{t){r{i)\v{t)))St + o{St) 

— arcsin ||t;j_(t)(5t + o[St) || ~ arcsin + o((5t) ) = 

= \\v^{t)\\ \St\ + o{St) . 

^ejiH na \St\ , oojiy^aeM paBencTBO ||HJ. H 

HenpepBiBHbie yHHTapHBie rpynnBi. ^onycTHM Tenepb, ^tto b opocTpaHCTBe cocTOAHHii KBaHTOBoii CHCTeMbi 

HMeeTca caMOConpajKenHbiii onepaTop A = A* . MnoiKecTBO yHHTapHbix onepaTopoB BH^a U (5s) = g- « "'s ^/^^ ^ r^e 

Ss npo6eraeT Bce MHOJKecTBO BemecTBeHHbix HHceji, a h flBjiaeTca (jjHKCHpoBaHHbiM nojiojKHTejibHbiM BemecTBeHHbiM 

HHCJiOM (b KBaHTOBoii MexaHHKe 9T0 HHCJio flBjiaeTCfl ooctoahhoh IljiaHKa) , o6pa3yeT chjibho nenpepbiBHyio o^HonapaMeTpH^ecKyio 

yHHTapnyio rpynny: U{5si) U{Ss2) — U{Ssi + SS2) ■ OnepaTop A npn stom Ha3biBaeTCfl zenepamopoM ^annoH 

rpynnbi. 

PI nycTb Tenepb BexTop coctohhhh HSMeHaeTCfl nofl ^eiicTBHeM paccMaTpHBaeMoii rpynnbi: 

r{5s) = \5s) = U{Ss)) = e-'*"^/'*) . 

Sflecb I (5s) G 7i — ^pyroe o6o3HaTreHHe BexTopa cocToannH npn napaneTpe, paBHOM Ss \ ) ^ H — (J^HKcnpoBanHbiii 
KeT-BeKTop cocToanna. 

By^ieM nojiaraTb, hto 4)yHKu,Hfl r{5s) ^ncjjcjjepeHLiHpyeMa. Tor^a KBaHTOBaa CKopocTb BbipajKaeTca (JjopMyjioii: 



v{Ss) = ±Ae-^'^^/'^) = ijrA\Ss) 
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Cpe^IHee snaHeHne onepaTopa A ne sasHCHT ot napaneTpa: 

A = {6s\A\ds) = (e+^'5^^/'iAe-''^'^^/'^) = {Ae+'^'''^^'' e-'^'^^'') = (A) . 

IlosTOMy cocTaBjiHiomHe KBaHTOBoii ckopocth MoryT 6biTb npocTO sanncaHM Kax: 

v\i{6s) = \6s){Ss\l.^A\6s) = i-^|<5s) 

KBaHTOBaa yrjiOBaa CKopocTb OKasbiBaeTca TaKJKe HesaBHCflmeii ot BpeMeHH: 

u;{ds) = \\v^{6s)\\ = j-{Ss\ {A-A}^ |5s>i/2 = 1 (e+'"5«^/'i (^-^^ g-»5.A/fi^i/2 ^ 

Sflecb A) A sBjiaeTca coKpamennbiM o6o3Ha^eHHeM ^jia cpeflHeKBa^paTHT^Horo OTKjiOHeHHa A b coctoakhh ) . 
TaKHM o6pa30M, flOKasana BajKnaa 

T e o p e M a. CpedHeKeadpamuHHoe omKAoneHue genepamopa odHonapaMempuHecKou yHumapHou zpynnu paeno 
KeoHmoeou yzAoeou CKopocmu, yMHOotceHHOu na nocmonHHyio IlAaHKa h . Upu amoM o6e smu eejiuuuHU npu 
deucmeuu zpynnu ocmammcn HeusMeuHUMU. 

HoCMOTpHM Tenepb, naCKOJIbKO CHJIbHO MOryT paSOHTHCb HaHajIbHblii ) H KOHeHHblii I 5s ) BeKTOpbl. HepaBeHCTBO 

TpeyrojibHHKa o6biHHbiM o6pa30M o6o6iri,aeTCfl na npoHSBOJibHbie KpHBOJiHHeiiHbie nyTH |12j . HosTOMy yroji MejK^y 
HaHajibHbiM H KOHe^HbiM BeKTopaMH HG MOJKeT 6biTb 6ojibme, ^eM npHpameHHe napaMGTpa, yMHOJKeHHoe na 
KBaHTOByio yrjiOByio CKopocTb: 

^ |5.|iA)A. (9) 

^jia 4)H3HHecKHx npHJiojKeHHii npe^CTabJiaeTca y^o6HbiM bbbcth neKOTopyio Ka^ecTBeHHyio rpaHHijy, npn KOTopofi 
^Ba BeKTopa cocToaHHH MoryT CHHTaTbca paajiH^aromHMHCfl cyui,ecmeeHHO. HosTOMy mm 6y;ieM roBopHTb, hto ^Ba 
BeKTopa pasjiHHaiOTCfl cymecmeeHHO, ecjiH yroji MejK^y hhmh 6ojibme jih6o paben 1 . 

nepe4)opMyjiHpyeM Tenepb nepabeHCTBO ^ b (JjopMe cjieflyromeii TeopeMbi. 

T e o p e M a. (npHHiinn onpe^ejieHHOCTH) ^mo6u nod deucmeueM cumho Henpepuenou odHonapaMempunecKou 
yuumapHou zpynnu U{5s) — e~ uaHaMhHuu eenmop cocmosmusi ) uaMenuAcn cyui,ecmeeHHO, Heo6xoduMO, 

Hmo6u eunoAHJiAocb Hepaeencmeo: 

\Ss\A^A^h. (10) 

3Ta TBopeMa jierKO o6o6iri;aeTCfl h na cjiy^aii, Kor^a rpynna flBjiaeTCfl MHoronapaMeTpHHecKoii. ^eiicTBHTejibHO, 
ecjiH Ss n A HMBiOT MaTpH^Hbie HHfleKCbi, no kotopmh npeflnojiaraeTca cyMMnpoBaHne, to HepaBencTBO ljin|l 
fljifl SToro cjiyHaa mojkho sanncaTb neMHoro HnaHe: 

A^iSsjAj)^h. 

ripn 3T0M BejiHHHHbi Ssj aBJiflMTca Tax HasbiBaeMbiMH jiorapH(J)MH^ecKHMH KOop^HHaTaMH ^aHHoii rpynobi. 

IlojiesHO OTMGTHTb TaKJKB cjiBflyioinee. Xlpn ^OKasaTBJibCTBB tbopbmm mm opB^nojiarajin, hto KbanTOBaa CKopocTb 
xopomo onpBflBJiBHa, to BCTb hto npoHSBO^Hafl BBKTopa no napaMBTpy cymBCTByBT n npHnafljiBJKHT rHjib6BpT0By 
npocTpancTBy. OflnaKO, ecjin renepaTop ABJiaeTca Heorpann^enHMM onepaTopoM, jiJisi nexoTopbix BexTopoB cocToanHfl 

3T0 MOJKBT OKaSaTbCfl H HB TaK. TbM HB MBHBB, yTBBpjK^BHHB TBOpBMM OKaSblBaBTCfl BBpHMM H B 3T0M CJiy^aB, 

nocKOJibKy B 9T0M cjiyHaB BBJinHnna A^A OKasMbaBTca 6BCKOHBHHoii. IlosTOMy npn HBnyjiBBOM snaHBHnn napaMBTpa 
B jiBBoii ^acTH HBpaBBHCTBa OKasMbaBTca 6BCK0HBHH0CTb (xoTopaa, kohb^ho, 6ojibmB nocTOflnnon XljianKa). 

TaKHM o6pa30M, coflBpjKaHne tbopbmm OKasMBaBTca bbphmm jiJia ah)6ozo BBKTopa cocTOflnnji ) n ah)6ozo (caMOConpajKEHHoro) 
rBHBpaTopa A . 

Iloflrpynnfci rpynnti IlyaHKape 

IlpHBBflBHHafl B KOHiiB npBflbiflymBro pasflBJia TBopBMa n HBjiflBTCfl caMMM o6iri;HM MaTBMaTHHBCKHM BbipajKBnnBM 
npHHiinna onpBflBJiBHHOCTn. Xlpn stom, b saBHCHMOCTH ot kohkpbthoh sa^a^n, paccMaTpHBaBMaa ynnTapnafl 
rpynna mojkbt ABJiflTbCH npBflCTabJiBHHBM toh hjih nnoii 4)H3hhbckoh rpynnbi chmmbtphh. HaH6ojiBB bajKHbiii 
npHMBp npn stom npB^CTabJiHBT co6oii rpynna HyanKapB, o6lli,bb cooTHoniBHHB onpB^BJiBHHOCTH pji5i KOTopoii J^J 
yjKB npHBO^HJiocb BbiniB. 9Ta rpynna hmbbt hbkotopmb 4)H3hhbckh bajKHMB no^rpynnbi, KOTopbiB nacTOJibKO 
npaKTH^BCKH BajKHM, HTO MM o6cyflHM Hx 3flBCb 60JIBB noflpo6HO. 
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IIpocTpaHCTBeHHbie TpaHCJiai];HH. FeHepaTopaMH TpexnapaMeTpn^ecKofi rpynnbi npocTpaHCTBeHHbix TpaHCJiaiiHH, 
KaK HSBecTHO, sBJifliOTCfl KOMnoHeHTbi BeKTopHoro onepaTopa HMnyjibca Pi , P2 h P3 . CooTHOineHne onpe^jejieHHOCTH, 
cooTBeTCTBeHHO, 3anHCbiBaeTCH xax 

A^iSxiPi + SX2P2 + Sx3P3);?h. (11) 

Sflecb HHCJia Sxi , 6x2 h Sx^ cocTaBjiaiOT KOMnoneHTbi BexTopa, kotopmh sa^aeT npocTpaHCTBeHHbiii cffBvn?. 

EcjiH nojiojKHTb Tenepb 6x2 — 6x3 = , a TaKJKe onycTHTb ^jia KpaTKOCTH vmflfiKC, to HepaBencTBO llllll mojkho 
sanHcaTb b BH^e: 

|fe| A)P ^ h . 

JUpnycTviM Tenepb, hto y paccMaTpHBaeMoii KBanTOBoii CHCTeMbi naM y^jajiocb HaiiTH HeKOTopyro Ha6jiioflaeMyK) X , 
KOTopyio MOJKHO B TOM HJiH HHOM CMbicjie c^HTaTb ee „onepaTopoM KOop^HHaTbi" . 3to npe^nojiojKeHHe npHHHMaeTCfl 
KaK caMO C060H pasyMeiomeecfl b nepejiaTHBHCTCKoii KBanTOBoii MexannKe. B pejiflTHBHCTCKoii jkg KBaHTOBoii 
TGopHH HHKaKoro ecTecTBeHHoro noHSTHa KOopflHHaTbi hgt.* Mojkho, nanpHMep, 4)opMajibHO cocTaBHTb h3 renepaTopoB 
rpynnbi IlyaHKape BeKTopHbiii onepaTop, KOMnoneHTaM KOToporo b Kjiaccn^ecKoii MexannKe cooTBeTCTByiOT KOop^HHaTbi 
u,eHTpa Mace. Hpn stom cjie^iyeT HMeTb b Bn^y, ^to oh 6yfleT o6jia^aTb ^obojibho Heo6bi^HbiMH CBoiicTBaMH. 
HanpHMep, ero KOMnonenTbi ne 6yflyT KOMMyTnpoBaTb APyr c flpyroM. 

ByflGM nojiaraTb, hto X — caMOConpajKenHbiii onepaTop c nenpepbiBHbiM cneKTpoM, X = X* . OGosna'THM f2(a,6) 
ero cneKTpajibHbiii npoeKTop® ^Jia nponsBOJibnoro BemecTBeHHoro nnTepBajia (a, 6) . 

IIpe^nojiojKHM TaKJKe, ^to X , 6y^y^H KOop^nnaToii, Be^eT ce6a o6biTrHbiM o6pa30M no^ ;i,eiicTBHeM TpaHCJian,HH, 
a HMenno, hto fljia jiio6bix a , b n 6x HMeeT mbcto paBencTBo: 

+ iSxP/hci —iSxP/h (-) 

e "(a+5a:,b+(5x) e — "(o,b) , 

TO ecTb P HBjifleTCfl „reHepaTopoM cneKTpajibHbix c^BHroB" ^jih X . 
IlycTb Tenepb cncTeMa naxo^jHTCa b cocToannn ) , ( | ) = 1 . 

Bejinnnna {Q(^a,b)) , oneBH^no, onpe^ejiaeT BepoflTHOCTb naiiTH cncTeMy BnyTpn nnTepBajia (a, 6) . Onpe^ejiHM 
TaKne / n r , ^to 

(f^(-oo.o) = (^^(.,+oo)) = ~ 0,07926... 

JlerKO BH^ieTb, HTO I H r cymecTByroT^". Hpn 3T0M Bejinnnny 6'^X = r — l Bnojine ecTecTBenno mojkho nasBaTb 
„HeonpeflejieHHOCTbio" KOop^nnaTbi X . 

T e o p e M a. (npHHn,Hn neonpeflejiennocTH) MMeem Mecmo Hepaeencmeo: 

d)XA^P^h. (12) 



/^jifl flOKasaTejibCTBa stoh TeopeMbi BOcnojibsyeMca (^ByKpaTno) nepaBencTBOM TpeyrojibnnKa fljifl KBanTOBoro 
yrjia: 

Z(), e-^)^^/'')) ^ ^7(.^+^)e-^^>^^/'^))- 
-Z() , ) - Z( e-^)^^/'') , %,+oo)e-'^>^^/'') ) = 
= f - arcsin^I^ - arcsin ^ | _ (| _ i) _ (| _ i) ^ 1 . 

Ho 3T0 osnanaeT, ^to no^ ^lencTBneM q-^^)^ p/^ BeKTop ) MenaeTca cymecTBenno. 
ripHMenaa npnniiHn onpedejieHHOcmu, nenocpeflCTBenno nojiyraeM Ijl2|l . ■ 

TaKHM o6pa30M, npHHn,Hn onpe^jejiennocTH no3BOJiaeT nojiy^HTb ajibTepnaTHBHoe nepaBencTBO H12II . BbipajKaroniee 
npHHn;Hn neonpe^ejiennocTH. 9to nepabencTBO ne SKBHBajienTno nepaBencTBy Kennap^a 

C (|)0pMajibH0-MaTeMaTH^ecK0H to^kh 3peHHa, nn o^no h3 nepabencTB (|2j| n Ijl2|l ne sBjiaeTca cnjibnee ^pyroro. 



*3to KacaeTca b tom iHCjie h flHpaKOBCKoro 9jieKTpoHa. Cynepno3Hi(Ha nojioacHTejiBHO- h OTpHi(aTejibHO-iacTOTHoro pemeHHH 
ypaBHeHHH ^npaxa ne hmcgt HHKaKoro (J)H3HHecKoro CMBicjia, a noTOMy HaSjifO^aeMoft, onncBiBaeMoft „onepaTopoM yMHo:aceHH5i na 
nepeMeHHyro x " He cynjecTByeT. 

^rpy5o roBopa, cneKTpajiBHbift npoeKTop — 3to onepaTop, saHyjiaromnft BOJiHOByro (JjyHKijHK) b X -npeflCTaBjieHHH bhb flaHHoro 
HHTepBajia. 

^"^Ho, BOoSme rOBOpa, ne e^HHCTBeHHBI. HtoSbI yCTpaHHTB 9Ty MHOrOSnaHHOCTB, y^oSnO BBlSnpaTB I MaKCHMajlBHMM H3 B03M0>KHBIX, 

a r — MHHHMajiBHBiM. Torfla paccToaHHe r — I Sy^eT MHHHMajiBHBiM. 
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OflHaKO, HeTpy^HO BH^eTb, HTO OTHomeHHe BejiH^HH A^X H 5^X Bcer^a nofli^HHeHO HepaBencTBy: 

^ ' ^ Vl - sin 1 « 0, 398 . . . 

CjieflOBaTejibHO, ecjin ocjia6HTb HepaBencTBO KeHHap^a ^ ^onojiHHTejibHbiM MHOJKHTejieM 0, 398 (hto oGm^ho 
HenpHHLi,HnHajibHO fljifl KaHecTBeHHbix oiienoK), to oho CTanoBHTCfl cjia6ee Ijl2ll . 

C flpyroii CTopoHbi, OTHomeHHe l^^X/5^X mojkgt 6biTb CKOjib yroflHO 6ojibmHM, h ^ajKe 6ecK0HeHH0 6ojibmHM, 
ecjiH BOJiHOBoii naxeT njioxo jiOKajiHSOBan. B TaKoii CHTyaLi;HH HepaBencTBO KeHHap^a IpJ, b OTjiHHne ot HepaBencTBa 
Ijl2|l . BOo6iri;e ne ^aeT HHKaKoii oiieHKH ^jih Heonpe^ejieHHOCTH HMnyjibca. 

TaKHM o6pa30M, HepaBencTBO (I12II flBJiaeTCfl 6ojiee co^jepjKaTejibHbiM, ^en (|2l, ^jjih Ka^ecTBeHHbix oijeHOK. 



IIpocTpaHCTBeHHbie BpameHHa. FeHepaTopaMH TpexnapaMeTpHHecKoii rpynnbi npocTpaHCTBennbix BpameHHH 
flBJiflMTCfl KOMnoHeHTbi BeKTopHoro ooepaTopa MOMeHTa HMnyjibca Ji , J2 h J3 . CooTHomeHHe onpe^ejieHHOCTH, 
cooTBeTCTBeHHO, sanHCbiBaeTCfl KaK 

A) ( 5ipi Ji + 5ip2 J2 + Sips J3 ) ^ h . 
JlorapH4)MHHecKHe KOop^HHaTbi HMeroT 3;iecb npocTyro reoMeTpHHecKyio HHTepnpeTaiiHio: noBopoT, onncbiBaeMbiii 

KOOp^HHaTaMH l5(/?l , S(f2 H Sips MOJKHO BbinOJIHHTb nyTSM nOBOpOTa BOKpyr BBKTOpa C 3THMH KOOpflHHaTaMH Ha 

yroji, paBHbiii ^jinne SToro BexTopa. 

Ilojiarafl 6ip2 = Sip^ = h onycKaa HH^eKC, HMeeM: 

\6ip\A)J^h . 

nonpo6yeM Tenepb nojiy^HTb cooTHomeHne Heonpe^ejieHHOCTeii no Toii see cxene, hto h b cjiy^ae rpynnbi npocTpancTBennbix 

TpaHCJIflU,HH. 

IlpejKfle Bcero Heo6xoflHMO saneTHTb, ^to cooTHomeHHH HeonpedejieHHOcmuB ^opme „npoH3BefleHHe HeonpeflejiennocTH 
yrjia na neonpeflejieHHOCTb MOMenTa nnnyjibca 6ojibme jih6o paBHO nocToaHHoii IljiaHKa" npefljioJKHTb aaBeflOMO 
neBOSMOJKHO, nocKOJibKy b cocTOflnnn, Kor^a Heonpe^ejiennocTb MOMenTa nnnyjibca o6pani,aeTCfl b hojib (co6cTBeHHoe 
cocTOflnne), „Heonpe^ejieHHOCTb yrjia", xax 6bi ona nn onpe^iejiajiacb, ne flOJiJKna npeBOCxo^HTb 2tt . 

/lajiee, a/iecb mm CTajiKHBaeMca c Toii TpyflnocTbio, ^to „xopomHH" caMOConpajKenHbin onepaTop yrjia bbgcth 
neBOBMOJKHO. OnepaTopoB yrjia OKaabiBaeTca 6ecK0HenH0 Mnoro (ecjin onpeflejien xoth 6bi o^nn), ho xax TOJibKO 
Mbi 4)HKCHpyeM Bbi6op o^Horo H3 HHx KaKHM-HH6yflb ycjiOBHeM (nanpHMep, ^To6bi ero cnexTp jiescaji b nnTepBajie 
OT flp 27r ), OH OKasbiBaeTCfl ^OBOJibHO cjiojKHO npeo6pa3yroniHMca nofl fleiicTBHeM Bpaniennii, H anajiHS 4)opMyji 
CHJibHO 3aTpy^HfleTca. 

IlosTOMy Mbi ne 6yfleM s^ecb BOo6iri;e yTonnflTb Bbi6op Oflnoro h3 6ecKOHe^^HO^o MHOJKecTBa onepaTopoB yrjia, a 
6yfleM no^pa3yMeBaTb, hto pe^b h^gt cpa3y 060 bcgm 6ecKOHenHOM KJiacce. Hpn stom fsjisi SToro KJiacca mm 6y;ieM 
Hcnojib30BaTb CHMBOJiHnecKoe o6o3HaneHHe $ . 

TaKoii noflxofl ne nopojK^aeT Tpy^nocTeii, nocKOJibxy npn BMBO^e cooTHomenHH neonpeflejieHHOCTH naM (jjaKTHi^ecKH 
npnxoflHTCfl onepnpoBaTb co cneKTpajibHoii Mepoii (MnojKecTBOM cneKTpajibHMx npoeKTopob) . A STa cneRTpajibnaa 
Mepa y Bcex onepaTopoB yrjia, b cyniHOCTH, o^ina n Ta jKe. IIpocTO apryMenTOM SToii MepM (jaaKTHi^ecKH BMCTynaeT 
ne OTpe30K BeniecTBennoii npflMoii, KaK b cjiy^ae c onepaTopoM KOop^nnaTM, a cerMenT OKpyjKHOCTH. BeniecTBennafl 
KOop^nnaTa jKe na OKpyjKHOCTH ^lOJiJKna nonnMaTbca c TO^nocTbKi ^o cjiaraeMoro 2tt . TaKHM o6pa30M, cneKTpajibHaa 
Mepa y^OBjieTBopaeT cooTHomeHHio: 

^{a+2TT,b+2TT) — ^{a,b) ■ 

IIpeflnojiojKHM TaKJKe, hto onepaTop J MOMenTa HMnyjibca asjisieTCsi „reHepaTopoM cneKTpajibHMx Bpaniennii" 

+ iSip J/h „~ iSip J/h f-) 

Bejinnnna ($7(^.6)) , oneBH^no, onpeflejiaeT BepoflTHOCTb naiiTH cncTeMy BHyTpn yrjiOBoro cerMenTa (a, 6) . IlycTb 
Tenepb HMeeTca TaKon He6ojibmoH yrjiOBoii cerMenT (Z, r) , b KOTopoM b ochobhom cocpeflOTO^^eHa BepoHTHOCTb 
o6Hapy}KHTb CHCTeMy. A HMenno, npe^inojiojKHM, ^^to BepoflTHOCTb o6HapyjKHTb cncTeMy b ^onojinnTejibnoM cerMenTe 
paBna: 

{^ir.i+2.)) = ~ 0,07926... 

EcjiH r H I Bbi6paHbi TaK, ^TO BejiH^HHa — r — I MHHHMajibna, to (5) $ mojkho npn 3tom Ha3BaTb „Heonpe- 
flejiennocTbio" yrjia . 
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T e o p e M a. (npHHiinn Heonpe^ejieHHOCTH ^jia yrjia h MOMenTa HMnyjibca) HMeem Mecmo HepaeeHcmeo: 

(5)$ ^ mill ( ?i/ A) J ; tt ) . 



(13) 



PaccMOTpHM cjiyHaii, Kor^a 5)$ ^ tt . IlpH 3tom noBepHyTbiii yrjiOBoii cerMenT (l^r) ne 6yfleT nepeKpbiBaTbCfl 
c HenoBepnyTbiM, h mojkho npHMennTb tot jKe MeTO^ oijeHKH KBaHTOBoro yrjia, hto h b cjiyiae TpaHCJiaiiHH. 

HTaK, BOcnojibsyeMCfl (^ByKpaTHo) HepaBencTBOM TpeyrojibHHKa jiJia KBaHTOBoro yrjia: 



= I _ arcsinyi^ - arcsinyi^ = | _ (| _ i) _ (| „ i) ^ 1 . 



Ho 3T0 03HaHaeT, ^TO nofl ^leiicTBHeM e ^^)'^J/f>- BexTop ) MeHseTCfl cymecTBeHHO. 



IlpHMeHfla npHHiiHn onpedejieuHocmu, nenocpeflCTBeHHO nojiy^aen Ijl3|l . ■ 

KaK BHflHM, npHHiiHn onpe^ejieHHOCTH nosBOJiaeT jierKO nojiyHHTb h npocToe cooTHomeHne HeonpedeAeHHOcmu 
fljisi yrjia h MOMeHTa HMnyjibca. 

Cjie/iyeT OTMeTHTb, hto nonbiTKa p£j nojiyHHTb cooTHomeHHe neonpeflejieHHOCTH fljia yrjia h MOMenTa HMnyjibca no 
anajiorHH c nepaBencTBOM KenHap^a ^ npHBOflHT k flOBOJibHO cjio^khmm (jjopMyjiaM. A hmghho, ecjin 3a(i)HKCHpoBaTb 
caMOConpHJKeHHbiH onepaTop yrjia $ ycjiOBneM, hto ero cnexTp aBJiaeTca HHTepBajiOM [— tt, tt] , h onpe^ejiHTb 
jjHeonpe^ejieHHOCTb yrjia" no (|)opMyjie: 



/^jifl HCCJieflOBaHHfl KBasHKjiaccnnecKoro npe^ejia nepaBencTBO II 1311 OKasbiBaeTca 6ojiee yflo6HbiM, hbm Ijl4|l . t. k. 
no3BOJifleT naKjia^biBaTb 6ojiee Marxne ycjiOBHH na jiOKajinsaiiHio bojihobofo naxeTa. 

BpeMGHHbie cflBHrH. Fpynna IlyaHKape BKjiio^aeT b KanecTBe no^rpynnbi o^nonapaMeTpH^ecKyio rpynny 
CflBHroB BO BpeMGHH. EcTecTBeHHO OJKH^aTb, HTO npHHiiHn onpe^ejiennocTH HMeeT cooTBeTCTByioinee MaTeMaTnnecKoe 
BbipajKenne n b stom cjiynae. H sto fleiicTBHTejibHO Tax. 

Ho name o6cy}KfleHHe s^ecb ocjiojKHHeTCfl tbm o6cTOflTejibCTBOM, ^to bch yTie6Hafl jiHTepaTypa n no KJiaccH^ecKoii 
H no KBaHTOBoii MexannKe opneHTnpyeTCfl ncKjiio^HTejibHO na pemenne sa^an ^nnaMHRH. Hpn stom noHHTne 
flnnaMH^ecKoro cocToaHna o6fl3aTejibHO othocat k neKOTopoMy MOMenTy BpeMenn. TaKoii noflxo/i; nojinocTbio 
CKpbiBaeT pejiflTHBHCTCKyio HHBapnaHTHOCTb. Hpn stom noHHTne rpynnbi BpeMennbix c^BnroB CTanoBHTca (jaaKTH^ecKH 
6ecco;iep}KaTejibHbiM . 

HojiHOCTbio nocjieflOBaTejibHbiMH b stom njiane flBjiaiOTCfl HHBapHaHTHbiii raMHjibTonoB (J)opMajiH3M (b cjiynae 
KjiaccnnecKoii MexannKn) h pejiflTHBHCTCKoe KanonnnecKoe KBanTOBanne (PKK) (b cjiy^ae pejiflTHBHCTCKoii KBanTOBoii 
Teopnn nojia). Hpn stom b Teopnio ecTecTBennbiM o6pa30M BKjiio^aiOTCfl ne tojibko BpeMennbie CflBHrn, no n 
jiopeHu,eBbi 6ycTbi. OflnaKO, nocKOJibxy c TaxHM no^xo^OM b nacTOflniee BpeMs GojibmnncTBO (J)H3hkob snaKOMbi 
njioxo, Mbi 3flecb o6cy;iHM npoMejKyTonnbin no^xo^, KOTopbiii, b cym,HOCTH, ocnoBan na npe^CTaBJiennn FeHsenGepra. 
(JlopenijeBbi 6ycTbi npn stom mm b stom o63ope BOo6iri;e paccMaTpnBaTb ne 6yfleM.) 

06bnH0 nofl flHHaMHnecKHM cocTOflHHeM St b neKOTopbiii momght BpeMenn t nonnMaiOT na6op BejiH^nn, KOTopbie 
MOJKno n3MepHTb B MOMeHT BpeMenn t neKOTopbiM na6opoM npn6opoB, n KOTopbie sa^aiOT bcio nocjie^yroniyro 
3BOJiK)n,Hio CHCTeMbi (to ecTb anajiomnnbie na6opbi BejiH^nn b nocjie;i,yiom,ne MOMenTbi BpeMenn) . B KJiaccn^ecKoii 
MexaHHKe flnnaMnnecKoe cocToanne o6bi^HO onncbiBaeTCH jin6o na6opoM KOopflnnaT n CKopocTeii (jiarpanjKeB 
(|)0pMajin3M) , jih6o Ha6opoM KOopflnnaT h nMnyjibcOB (raMnjibTonoB 4)opMajin3M) . To ecTb flnnaMnnecKoe cocToanne 
B 3aflaHHbiH MOMenT BpeMenn onpe^ejifleTCfl to^koh na nexoTopoM MHoroo6pa3HH, Ha3biBaeM0M 4)a30BbiM npocTpancTBOM. 
B KBanTOBOH MexannKe flnnaMnnecKoe cocToanne onncbiBaeTca BexTopoM b rHJib6epTOBOM npocTpancTBe. 

Kor^a BCTaeT Bonpoc o6 onncannn fleiicTBnfl rpynnbi npocTpancTBennbix ^BnjKennii na npocTpancTBe ^jHnaMnnecKnx 
cocTOflnnn b neKOTopbin MOMenT BpeMenn, o6binno paccyjK^aiOT Tax. HycTb Ha6op (J)n3H^ecKHx npH6opoB K , 



A((f> = min 

' Sip 




TO HMeeT MecTO cooTnomenHe neonpe^ejiennocTn: 




(14) 



— ABrycT 2006 r. — 



— JJ,. A.. Ap6aTCKHH ,,IlpHi-mHn onpeflejieHHOCTH (o63op)" — 



9 



H3MepaK)iri,Hx nojiHbiii Ha6op flHHaMHHecKHx nepeMennbix paccMaTpHBaeMoii CHCTeMbi, no^ ^eiicTBHeM neKOToporo 
flBHJKeHHfl G nepemeji b K' , G : K K' . H nycTb jijir neKOToporo ^HnaMH^ecKoro cocToaHHa CHCTeMbi S 
HMeeTCfl flHHaMHHecKoe cocToaHHe S' , Taxoe hto Ha6op npH6opoB K' , nsMepflioinHH napaneTpbi coctoahha S' , 
Bbi^aeT Te jkg pesyjibTaTbi, ^to h K , HSMepaioinHH napaneTpbi cocToaHHa S . Tor^a roBopaT, hto no/i; ^eiicTBHeM 
npeo6pa30BaHHa G cocTOflHHe S nepexo^HT b S' . CnMBOJiH^ecKH sto mojkho sanncaTb Tax: 

G-.K^K', K{S) = K'{S') =^ G:S~>S'. 

IlMeHHO TaKHM nyTGM BBOflHTCfl fleficTBHe npocTpaHCTBeHHbix cflBHroB H BpameHHii, onncaHHoe Bbime. 
Kasajiocb 6bi, sto tkb onpe^ejieHHe ecTecTBenHO mojkho pacnpocTpaHHTb h na rpynny BpeMennbix c^BHroB: 

G : -ftTji —> , Kt-^{Sti) — Kt^{St2) ==> G : S'f^^ — > St2 ■ 

Ho OT SToro onpe^ejieHHa OKasbiBaeTca Majio nojibSbi, nocKOJibKy oho OKasbiBaeTca ^^hcto 4)opMajibHbiM h HHKaK 

He CBfl3aHHbIM C flHHaMHKOii. 

IlpHBefleHHoe Bbime onpeflejienHe ^HHaMH^ecKoro cocTOHHHfl mm neMHoro ycoBepmeHCTByeM. By^en CHHTaTb, ^^to 
ecjiH HeKOTopoe ^iHHaMHHecKoe cocTOflHHe St^ b xo^e sbojiioiihh nepexo^HT b St2 , to St-^ h St2 onncbiBaroT 
o^HO H TO }Ke ^iHHaMHHecKoe cocTOflHHe. To ecTb ^iHHaMHHecKoe cocTOHHHe — 3T0 npocTO HeKOTopbiii a6cTpaKTHbiii 
Ha6op BejiHHHH (ne o6fl3aTejibHO CBasanHbiii c HSMepeHHSMH b KOHKpeTHbiii momght BpeMeHn), onpeflejiaioinHii 

SBOJIIOIIHIO CHCTeMbi. Kor^a pCHb HACT O KBaHTOBblX CHCTCMaX, MOJKHO CHHTaTb, HTO flHHaMHHeCKOe COCTOflHHe 

npocTO onHCbiBacTCfl reii3eH6eproBCKHM bcktopom cocToaHHa. 

IIpH 3TOM, ecjiH CHCTeMa 3aMKHyTa, TO ee raMHJibTOHnaH ne saBHCHT ot BpeMenn, a TaKJKe KOMMyTHpyeT c npocTpaHCTBennbiMH 
^BHJKeHHflMH. XlosTOMy onHcaHHafl b npeflbi^ymnx nynxTax Teopna npocTpaHCTBennbix ffBuyKewMM nepenocHTCfl h 
Ha 3T0T cjiy^aii. KpoMC Toro, cro^a npHCoeflHHHeTCfl eme h rpynna BpeMennbix cflBHroB, sa^aBaeMaa ccMeiicTBOM 
onepaTopoB: 

U{St) = e-"*(--f^)/'"' . 

Cjie^iyeT o6paTHTb BHHMaHne, hto renepaTopoM stoh rpynnbi flBJiaeTCH raMHJibTOHHan co snaxoM „MHHyc". OnepaTop, 
onHCbiBaiomHii ;i,eiicTBHe paccMaTpHBaeMoii rpynnbi, ABJisieTCH o6paTnbiM k onepaTopy, onHCbinaiomeMy 3BOJiion,nio 
B ypaBneHHH IIIpe;i,HHrepa. Mo>kho CKasaTb, hto s^ecb rpynna ^encTByeT axTHBHO, b to BpeMH xax b npe^iCTaBJiennn 
nipe^nnrepa ona flencTBycT naccHBHO. 

CooTHOmenHe onpe^ejiennocTn ;i,jia rpynnbi BpeMennbix c^BnroB npnnnMaeT Bn^: 

\St\A^H^h. (15) 

EcjiH nocMOTpeTb na 3to cooTnomenne c Tonxn spenna npe^CTabJienna IIIpe;i,Hnrepa (npn 3tom ecTecTBennaa CBasb 
c rpynnoii IlyanKape yTpannbaeTCfl) , to 3to cooTnomenne Kax pas OKasbiBaeTcn cooTnomenneM Man^ejibniTaMa- 
TaMMa ^jifl CKopocTn KBanTOBon 3BOjnon,HH. 

TaxnM o6pa30M, cooTnomenne ManflCJibniTaMa-TaMMa ^Jia cjiy^aa 3aMKnyTbix cncTCM flBjiaeTCfl cjie^CTBncM npnniiHna 
onpe^ejiennocTH . 

06cyflnM Tenepb nesaMKnyTbie cncTCMbi. CooTnomenne Man^ejibniTaMa-TaMMa ^jia CKopocTn KBanTOBoii 3BOjnon;nn 
(nojiynaeMoe b npeflCTaBjiennn IHpe^nnrepa) ecTCCTBcnnbiM o6pa30M o6o6iri;aeTCfl na stot cjiynaii. 06o3naHHM 
raMHjibTonnan b 3tom cjiynae xax H^^^^ . Xlpn stom, nocKOJibKy BCJinnnna A|t)_ff^"" , BOo6iri;e roBopa, 3aBHcnT ot 
BpeMenn, ee nyjKno npocTO ycpe^innTb: 

|r| A|t)i7f"ii ^ h . (16) 

Sflecb r — npoMejKyTOK BpeMenn, b Te^enne KOToporo nponcxo;i,HT 3BOjnon,Ha (on ne HMeeT CMbicjia jiorapH(J)MHTrecKOH 
KOop^nnaTbi na KaKOH-jin6o rpynne). 

ripHniinn onpe^ejiennocTn b stoh cnTyaiinn 0Ka3biBaeTCJi (jDopMajibno nenpnMcnnM. O^naKO, na npaKTHKC, Kor^a 
paccMaTpnBaiOTCfl nesaMKnyTbie KBanTOBbie cncTCMbi, nx raMHjibTonnan o6binno npe^CTaBHM b Bn^e cyMMbi flByx 
cjiaraeMbix, co6cTBennoro raMHJibTonnana „CBo6o^noH" cncTeMbi n raMHJibTonnana BsanMO^ieiicTBna „c BnemnnM 
KJiaccnnecKnM nojieM": 

Xlpn 3T0M raMnjibTonnan BaanMOfleiicTBHa 7?'"* o6binno MOJKno „BbiKjiiOTraTb" . 

B 3T0M cjiynae ecTecTBcnno CBaaaTb nonaTne ^nnaMn^ecKoro cocToanna chctcmm c ee SBOjnoxiHen npn BbiKjiionennoM 
raMHJibTonnane BsanMO^jeiicTBna (xoTa paccMaTpnBaTbca ono MOxeT b KonKpeTnbiii MOMenT BpeMenn, 6e3 BbiKJiio^enna 
raMHJibTonnana BsanMO^encTBna) . CooTBeTCTBenno, cooTnomenne onpe^ejiennocTH Ijlfill coxpanaeT cboh npejKnnn 
Bnfl. Cmmcji ero CTanoBnTca necKOJibKO 6ojiee a6cTpaKTnbiM, 6e3 KaKoii jin6o npaMoii CBasn c cooTnomenneM 
Man^ejibmTaMa-TaMMa ljlfi|l . 
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B saKJiiQT^eHHe OTMeTHM, ^TO MaH^iejibniTaM h TaMM BbisejiH CBoe cooTHomeHHe nyieM npaMoii oiienKH CKajiapHoro 
npoHSBe^eHHa fljiR naHajibHoro h KOHei^Horo eeKTopoB cocToaHna. TeopHK) MeTpnKH 3>y6HHH-IIlTyflH ohh npn 
3T0M He HcnojibsOBajiH. TaKoii bmbo^ OKasbiBaeTca cymecTBenHO KopoHe. Ho npn stom reoMeTpn^ecKaa npnpofla 
peayjibTaTa oxasbiBaeTca b 3HaHHTejibHoii CTenenH CKpbiToii. 9to flonojiHHTejibHO ycjioJKHaeT HHTepnpeTaiinio 
(noMHMO 6ojiee cepbesnoro He^ocTaTKa — HHTepnpeTaiiHH, ocHOBaHHoii na ypaBHennH IIIpeflHHrepa) . 

BbiBO^I cooTHomeHHa Man^iejibmTaMa-TaMMa (b paMxax ypaBneHHa IIIpe^iHHrepa) , ocHOBanHbiH na MeTpHxe "Sy- 
6HHH-IIlTyflH, 6biji flan noa^Hee AnaHflaHOM h AapoHOBbiM jl8j . Xlpn stom ccmjikh na MaH^ejibniTaMa h TaMMa 
He flabajiocb. nosTOMy b aanaflnoii jiHTepaiype 3to cooTHomeHHe nacTO omH6o^^HO HasMBaiOT cooTHomeHHeM 
AHaHflaHa-AapoHOBa. 
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(leHseHoepr, \\3Z() 


npHHi];Hn onpe^ejieHHOCTH 

(ApoaTCKHH, zUUoj 


X, p 


(KeHHapfl, 1927) 

(5)XA)P > h 
(Ap6aTCKHH, 2006) 


|(5x| A)P ^ h 

(Ap6aTCKHH, 2005) 

A) ( Sxi Pi + 5X2 P2 + (5X3 P3 ) ^ ^ 
(Ap6aTCKHH, 2005) 


if, J 


a;$A)J^ J [i„^(A;ci>)2] 

(fljKafljK, 1964) 

(5)$ ^ min { h/ A'^J ; n ) 
(Ap6aTCKHH, 2006) 


\5ip\A)J^ h 

(ApSaTCKHii, 2005) 

A) ( 5ipi Jl + 5ip2 J2 + Sips Ja ) ^ ft 

(Ap6aTCKHH, 2005) 


t, E 




\St\A^H ^ h 
(MaHflejibniTaM, TauM, 1945) 


Bce 




A) ( - Sx^ -P^ + 5 SuJf^i, ^ h 
(ApSaTCKHii, 2005) 
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